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1. Introduction

The topics discussed in this article allow one to include principles from coupled
heat and mass transfer in the design of plug-flow tubular reactors that are
packed with porous catalysts. When one chemical reaction occurs on the internal
catalytic surface, stoichiometric relations are discussed that relate temperature
and reactant molar density on the external catalytic surface to their counterparts
in the bulk fluid phase. These relations are combined with coupled species mass
and thermal energy balances in differential plug-flow tubular reactors to predict
temperature and conversion profiles as a function of reactor length. Important
dimensionless parameters are defined and quantified to determine the signifi-
cance of external mass transfer resistance and interpellet axial dispersion in
nonideal reactors. The combination of external mass transfer resistance and
interpellet axial dispersion in nonideal packed catalytic tubular reactors is simu-
lated numerically to identify conditions that yield maximum conversion of reac-
tants to products. These simulations emphasize the importance of nonideal
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analysis because maximum conversion invariably occurs at subcritical values of
the mass transfer Peclet number where interpellet axial dispersion must be
included in the design equations. Furthermore, rates of reactant conversion
must be evaluated at molar densities near the external catalytic surface,
which are different from those in the bulk fluid phase, because external mass
transfer resistance in packed catalytic tubular reactors cannot be neglected in
most designs that seek maximum conversion. Important design parameters,
such as volumetric flowrate, particle size, and reactor diameter (but not length),
and their effects on external mass transfer resistance are discussed via illustra-
tive examples that include numerical calculations and universal scaling laws.
Intrapellet resistances are considered from the viewpoint of maximum tempera-
ture in adiabatic pellets when exothermic chemical reactions occur. This analysis
of coupled heat and mass transfer in isolated porous catalysts includes contribu-
tions from Fourier’s law and the interdiffusional flux to quantify the molecular
flux of thermal energy, as well as a combination of Fick’s law and thermal diffu-
sion to describe diffusional mass flux in macropores where collisions among mole-
cules govern the resistance to intrapellet mass transfer. Numerical predictions of
adiabatic temperature increases for exothermic reaction within porous catalysts
exceed previous estimates of this temperature rise via the classic Prater equation
when the dimensionless Prater number approaches unity and all physicochem-
ical properties of the catalyst exhibit temperature dependence. All of these con-
cepts are considered to develop a complete design strategy for the synthesis of
methanol from a stoichiometric feed of carbon monoxide and hydrogen in noni-
sothermal packed catalytic tubular reactors. Realistic simulations that employ
thermodynamic data for all three components in this industrially important
exothermic reaction at moderately high pressure yield temperature and
conversion profiles, which indicate that 35% conversion of carbon monoxide to
methanol should be achieved. Finally, suggestions are proposed to limit the
approximate 808C temperature increase that occurs near the reactor inlet
when the rate of thermal energy generation due to exothermic chemical reaction
exceeds the rate of heat removal across the lateral diathermal wall of the tube.
Numerical integration of ordinary differential equations is employed extensively
throughout this article. Results are presented in graphical and tabular form to
illustrate the trends that develop. In most cases, these trends and their asso-
ciated strategies are not unique to a specific chemical reaction, so the universal
nature of the topics discussed in this article deserves merit.

2. Methodology

The dilemma can be summarized as follows. Plug-flow mass and thermal energy
balances in packed catalytic tubular reactors are written in terms of molar den-
sities and temperature in the bulk fluid (ie, gas) phase. However, the
volumetrically averaged rate of reactant consumption within catalytic pellets
is calculated, with assistance from effectiveness factor correlations, via molar
densities and temperature on the external surface of the pellets. When external
transport resistances are negligible, the design of these reactors is simplified by
equating bulk gas-phase conditions to those on the external catalytic surface.

270 TRANSPORT PHENOMENA FOR CHEMICAL REACTOR Vol. 25



This article addresses the dilemma when external heat and mass transfer resis-
tances cannot be neglected because bulk gas-phase conditions are different from
those on the external surface of the pellet. The logical sequence of calculations is
as follows:

(1) Invoke stoichiometry and the mass balance with diffusion and only one
chemical reaction within isolated catalytic pellets to relate intrapellet dif-
fusional mass fluxes among all reactants and products.

(2) Invoke continuity of the normal component of diffusional mass fluxes on
both sides of the gas/porous–solid interface. Then, use interphase mass
transfer coefficients within the gas-phase boundary layer surrounding
the pellets to evaluate interfacial molar fluxes and relate molar densities
in the bulk fluid phase and on the external surface of the catalyst.

(3) Simplify the multicomponent thermal energy balance in the gas-phase
boundary layer that surrounds each catalytic pellet. Then, (a) evaluate
all fluxes at the gas/porous–solid interface, (b) invoke continuity of the
normal component of diffusional mass flux for each component on both
sides of the interface, and (c) introduce mass and heat transfer coefficients
to calculate these interfacial fluxes.

External resistances to heat and mass transfer can be expressed in terms of
the difference between molar densities of key reactant A in the bulk gas phase
and on the external surface of the catalyst; CA,BulkGas � CA,Surface. Integration
of the plug-flow mass balance, together with the thermal energy balance for non-
isothermal systems, allows one to calculate temperature TBulk and the concen-
tration of reactant A, CA,BulkGas, in the bulk gas phase. The critical step
involves determination of CA,Surface in terms of CA,BulkGas via effectiveness factor
formalism. In other words, the rate of interphase mass transfer of key reactant
A from the bulk gas phase to the external surface of the catalyst is balanced by a
volumetric average of the rate of consumption of reactant A within the pellet at
steady state.

2.1. Stoichiometry and the Steady-State Mass Balance with Diffu-
sion and Chemical Reaction in Porous Catalytic Pellets. Contributions
from convective transport are negligible in porous catalysts. Hence, one begins
with the steady-state microscopic mass transfer equation that includes pseudo-
homogeneous diffusion and multiple pseudo-volumetric chemical reactions for
component i:

@Ci

@t
þ v � rCi ¼¼¼¼¼¼¼¼¼¼¼¼)

steady
state

negligible
convective
transport

0 ¼ �r � ji;pellet
MWi

� �
þ

X
k

reactions

�ikRk ð1Þ

where Ci is the molar density of component i with molecular weight MWi, ji,pellet
represents the intrapellet diffusional mass flux of species i with respect to a refer-
ence frame that translates at the mass-average velocity v & 0 of the reactive
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mixture, uik is the stoichiometric coefficient of species i in reaction k, and Rk is
the intrinsic rate of the kth chemical reaction. Stoichiometric relations are
exceedingly complex in the presence of multiple chemical reactions (1). In light
of this complexity, the current problem is addressed for only one chemical reac-
tion on the internal catalytic surface. Now, subscript k is not required, and the
previous mass balance with intrapellet diffusion and one chemical reaction yields
the following stoichiometric relation that is the same for each component in the
reactive mixture:

1

uiMWi
r � ji;pellet ¼

1

uAMWA
r � jA;pellet ¼ R ð2Þ

Stoichiometric relations are generated from the mass balance by isolating
all quantities that are species specific (ie, containing subscript i). Equation 2 is
integrated over an arbitrary control volume V within the catalytic pores via
Gauss’ law, yielding equation 3:

Z
V

1

uiMWi
r � ji;pellet �

1

uAMWA
r � jA;pellet

� �
dV

¼
Z
S

1

uiMWi
n � ji;pellet �

1

uAMWA
n � jA;pellet

� �
@S

dS ¼ 0

ð3Þ

where n is a unit normal vector directed outward from the surface of the control
volume. As there are many choices for control volume V and surface S that
surrounds this volume element, the integrand of the surface integral must van-
ish. Hence:

1

uiMWi
fn � ji;pelletg@S ¼ 1

uAMWA
fn � jA;pelletg@S ð4Þ

It should be emphasized that this stoichiometric relation generated from
the microscopic mass transfer equation with diffusion and one chemical reaction
is valid at any surface S that surrounds control volume V within the pellet.

2.2. Species Concentrations in the Bulk Gas Phase. When the stoi-
chiometric relation for intrapellet diffusional mass fluxes in the catalytic pores is
evaluated at the external surface of the catalyst, it is possible to (1) invoke con-
tinuity across the gas/porous–solid interface, and (2) introduce mass transfer
coefficients to evaluate interfacial fluxes. Now, n represents the outward directed
unit normal vector from the external surface of the catalyst into the bulk gas
phase. A steady-state balance for any reactive species at the gas/porous–solid
interface allows one to invoke continuity of the normal component of mass flux
(ie, n�rivi) on both sides of the interface, even though chemical reaction occurs on
the pellet-side of the interface but not in the bulk gas phase. Hence, on the exter-
nal surface of the catalyst, one writes:

fn � ji;pelletgExternal Surface ¼ fn � ji;BulkGasgExternal Surface ð5Þ
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because convective mass transfer is negligible in both phases at the interface.
Bulk gas-phase molar densities are introduced into the stoichiometric relation
by evaluating the normal component of these interfacial molar fluxes in terms
of a mass transfer coefficient ki,MTC and a concentration driving force, which is
standard procedure for interphase transport. Hence:

1

MWi
fn � ji;BulkGasgExternal Surface ¼ ki;MTCðCi;Surface � Ci;BulkGasÞ ð6Þ

Now, the intrapellet stoichiometric relations among diffusional mass fluxes at
the gas/porous–solid interface (ie, eqs. 4–6) are expressed in terms of surface
and bulk gas-phase concentrations:

1

ui
ki;MTCðCi;Surface � Ci;BulkGasÞ ¼

1

uA
kA;MTCðCA;Surface � CA;BulkGasÞ ð7Þ

Since the stoichiometric coefficient of reactant A, uA¼�1, it is possible to
relate molar densities on the external surface of the catalyst to those in the
bulk gas phase:

Ci;Surface � Ci;BulkGas ¼ ui
kA;MTC

ki;MTC
ðCA;BulkGas � CA;SurfaceÞ ð8Þ

This equation correctly predicts that Ci,Surface � Ci,BulkGas is positive for products
and negative for reactants, because CA,BulkGas > CA,Surface for key reactant A. The
kinetic rate law is evaluated on the external surface of the pellet, and the defin-
ing equation for the effectiveness factor is employed to predict the average rate of
reactant consumption on the internal surface of the catalyst. When molar densi-
ties on the external surface are required in the kinetic rate law, the previous
equation should be employed to re-express Ci,Surface in terms of bulk gas phase
conditions. This is advantageous because the plug-flow mass balance for species
i is written in terms of Ci,BulkGas.

2.3. Temperature on the External Catalytic Surface and in the Bulk
Gas Phase. The primary objective of this section is to evaluate temperature on
the external surface of the catalyst in terms of bulk gas-phase temperature and the
molar density of key reactant A at the external catalytic surface and in the bulk gas
phase. This is accomplished from steady-state analysis of coupled heat and mass
transfer in the thermal boundary layer external to an isolated pellet, where no che-
mical reaction occurs. The thermal energy balance is written in terms of specific
internal energy u for an N-component mixture, prior to invoking any assumptions:

@ru

@t
þr � rvu ¼ �r � q � pr � v � t : rv þ

XN

i¼1

ji;BulkGas � gi ð9Þ

The molecular flux of thermal energy in this N-component mixture is (2)

q ¼ �kTCrT þ
XN

i¼1

�HHi

MWi
ji;BulkGas ð10Þ
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Fourier’s law with thermal conductivity kTC of the gas phase medium surround-
ing each pellet describes the first term on the right side of the previous equation,
and the inter-diffusional flux that contains products of partial molar enthalpy
and diffusional mass flux of each component in the summation accounts for
the most important coupling between heat and mass transfer. The diffusion-
thermo (ie, Dufour) effect is neglected in the previous expression for the molecu-
lar flux of thermal energy. The following rate processes are neglected in the
microscopic thermal energy balance (2):

(1) Reversible exchange between internal and kinetic energies (ie, p r�v ) 0)

(2) Irreversible conversion of kinetic energy to internal energy (ie, t:rv ) 0)

(3) External force field effects (ie,
P

1� i�N ji;BulkGas� gi ) 0)

Hence, the complex thermal energy balance given by equation 9 is simpli-
fied considerably for steady-state analysis in the external gas-phase boundary
layer

r�frvu þ qg ¼ 0 ð11Þ

when contributions from convective transport are not neglected. Integration of
the previous equation over an arbitrary control volume V within the external
heat transfer boundary layer via Gauss’ law yields

Z
V

½r � frvu þ qg�dV ¼
Z
S

½n � frvu þ qg�@SdS ¼ 0 ð12Þ

where n is a unit normal vector directed outward from surface S that surrounds
control volume V. As there are many choices for control volume V and surface S
that surrounds this volume element in the thermal boundary layer, the inte-
grand of the surface integral vanishes. Hence,

½n � frvu þ qg�@S ¼ n � rvu � kTCrT þ
XN

i¼1

�HHi

MWi
ji;BulkGas

( )
@S ¼ 0 ð13Þ

The previous equation is evaluated on the external surface of the catalyst,
where n represents the unit normal vector directed into the pellet and convec-
tive transport is negligible. In other words, the bulk gas phase velocity in the
normal coordinate direction (ie, n�v) is neglected on the external surface of the
catalyst where molecular fluxes provide the dominant contributions to heat
and mass transfer. The mass flux of component i normal to the external gas/
porous–solid interface must be continuous. Hence, n�ji is the same on each
side of the interface when convective transport is unimportant (see eq. 5).
When the previous equation is evaluated on the external surface of the pellet
and n�ji,BulkGas in the external boundary layer is replaced by its counterpart in
the porous catalyst, one invokes the stoichiometric relation among intrapellet
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diffusional mass fluxes that was derived earlier in this article (see eq. 4). The
result is

½n � fkTCrTg �External Surface ¼
XN

i¼1

�HHi

MWi
fn� ji;BulkGasgExternal Surface

¼
XN

i¼1

ui
�HHi

1

uiMWi
fn � ji;pelletgExternal Surface

¼ 1

uAMWA
fn� jA;pelletgExternal Surface

XN

i¼1

ui
�HHi

)
uA¼�1

1

MWA
fn � jA;pelletgExternal Surfaceð��HReactionÞ ð14Þ

where the stoichiometric coefficient of reactant A is �1. The summation over all
species in the reactive mixture of products of stoichiometric coefficient and par-
tial molar enthalpy is an exact representation of the enthalpy change for chemi-
cal reaction, DHReaction, on a molar basis (3). Intermolecular interactions and
nonideal heats of solution are also included in

XN

i¼1

�i
�HHi ¼ �HReaction ��H0

Rx;298K þ
XN

i¼1

ui

ZT
298K

Cp;iðTÞdT ð15Þ

because the summation on the left side of equation 15 contains partial molar
enthalpies. In practice, one estimates DHReaction using literature values for stan-
dard state enthalpies of formation at 298K and temperature ‘‘polynomials’’ for
pure-component specific heats. This approximation is exact for ideal solutions
because partial molar enthalpies reduce to pure-component molar enthalpies
under ideal conditions. Temperatures in the bulk gas phase and on the external
surface of the catalyst are related to the corresponding molar densities of key
reactant A by focusing on the external heat and mass transfer boundary layers
surrounding each catalytic pellet. The normal components of conductive and dif-
fusional fluxes on the bulk gas-phase side of the gas/porous–solid interface are
written in terms of a transfer coefficient and a driving force, the latter of which is
sensitive to the direction of the unit normal vector n and the fact that Fourier’s
law and Fick’s law require a negative sign to calculate fluxes in a particular coor-
dinate direction. These considerations produce the following expressions for the
conductive energy flux:

½�n � f�kTCrTg�External Surface ¼ hHTCðTSurface � TBulkGasÞ ð16Þ

and the diffusional molar flux of reactant A with respect to the mass-average
reference frame:

1

MWA
fn � jA;pelletgExternal Surface ¼

1

MWA
fn � jA;BulkGasgExternal Surface

¼ kA;MTCðCA;BulkGas � CA;SurfaceÞ ð17Þ
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In both cases, these fluxes are normal to the gas/porous–solid interface, and n is
the unit normal vector directed into the catalyst. The temperature difference
between the external surface of the catalytic pellet and the bulk gas stream is
estimated via equations 14–17;

TSurface � TBulkGas ¼ ð��HReactionÞ
kA;MTC

hHTC
fCA;BulkGas � CA;Surfaceg ð18Þ

which reveals that TSurface>TBulkGas for exothermic chemical reactions (ie, nega-
tive DHReaction), because CA,BulkGas>CA,Surface for reactant A. Heat and mass
transfer coefficients in the external boundary layers (ie, hHTC and kA,MTC) are
enhanced by convective transport parallel to the gas/porous–solid interface,
and hence, they are functions of the Reynolds and Prandtl or Schmidt numbers,
as discussed later in this article.

2.4. Evaluation of CA;Surface via the Effectiveness Factor. The
microscopic mass balance with pseudo-homogeneous one-dimensional diffusion
and pseudo-volumetric irreversible nth-order chemical reaction provides basic
information for the spatial dependence of reactant molar density within an iso-
lated catalytic pellet. Analytical or numerical solutions for the molar density pro-
file can be obtained for any type of chemical kinetics (2). Analytical solutions are
only available when the rate law conforms to simple zeroth-order or first-order
kinetics. Numerical solutions of two-coupled first-order ordinary differential
equations with split boundary conditions are required when the kinetics are
more complex. The rationale for developing correlations between the effective-
ness factor and the intrapellet Damköhler number (ie, dimensionless ratio of
the rate of chemical reaction to the rate of intrapellet diffusion) is based on the
fact that the reactor design engineer does not want to consider the details of the
interplay between diffusion and chemical reaction in each catalytic pellet when
these pellets are packed in a large-scale reactor. The effectiveness factor strategy
is formulated as follows:

(1) Account for pseudo-homogeneous diffusion and pseudo-volumetric chemi-
cal reaction in one isolated catalytic pellet, and calculate a volumetrically
averaged rate of consumption of reactants within the pellet in terms of
conditions on the external surface of the catalyst.

(2) The volume-averaged rate of reaction in each catalytic pellet is incorpo-
rated into plug-flow mass and thermal energy balances to predict reactor
performance.

Condition (1) is addressed by using basic information from the mass bal-
ance to evaluate the effectiveness factor. The ratio of reaction rates described
in (a) and (b) below, with units of moles per time, is defined as the effectiveness
factor:

(a) The volume-averaged rate of consumption of reactants in one isolated cat-
alytic pellet, relative to
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(b) the rate of consumption of reactant A evaluated using conditions on the
external surface of the pellet

A generalized expression for the volume-averaged rate of consumption of
reactant A, specified by (a), is

�uA

Z
Vcatalyst

RðCA;pelletÞdV

where integration is performed over the entire volume of the catalyst if reactant
A exists everywhere throughout the catalyst. A modification of the integration
limits is required for zeroth-order kinetics when the intrapellet Damköhler num-
ber is larger than its critical value and the central core of the catalyst is void of
reactants. The rate of consumption of reactant A based on external surface con-
ditions, specified by (b), is

�uARðCA;SurfaceÞVcatalyst

where Vcatalyst represents the entire volume of one pellet because the molar
density of reactant A is assumed to be CA,Surface everywhere throughout the
catalyst. In both of the previous expressions, the pseudo-volumetric reac-
tion rate R, with dimensions of moles per pellet volume per time, is related
to the heterogeneous catalytic rate law RSurface (ie, moles per internal cata-
lytic surface area per time) via internal structural characterstics of each
porous pellet, R¼SmrapparentRSurface, where Sm is the internal catalytic surface
area per pellet mass and rapparent is the apparent density of each porous pellet,
including the intrapellet void volume. The general expression for the effective-
ness factor is

E ¼

Z
Vcatalyst

RðCA;pelletÞdV

RðCA;SurfaceÞVcatalyst
ð19Þ

when the kinetics are averaged throughout the volume of one pellet. An equiva-
lent expression for the volume-averaged rate of consumption of reactant A (ie,
the numerator of the effectiveness factor in equation 19) is based on mass flux
of reactant A into the pellet across the external surface. Under steady-state
conditions, the microscopic mass transfer equation for component A with
pseudo-homogeneous diffusion and one pseudo-volumetric chemical reaction is
(see equation 2);

1

MWA
r � jA;pellet ¼ uAR ð2Þ
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Integration over the entire volume of one catalytic pellet allows one to cal-
culate the volume-averaged rate at which reactant A is consumed by chemical
reaction on the interior catalytic surface:

�uA

Z
Vcatalyst

RðCA;pelletÞdV ¼ � 1

MWA

Z
Vcatalyst

fr � jA;pelletgdV

¼ � 1

MWA

Z
Sexternal

fn � jA;pelletg@Sexternal
dS ¼ � 1

MWA

Z
Sexternal

fn � jA;BulkGasg@Sexternal
dS

ð20Þ

Gauss’ law was employed to transform the volume integral of r�jA,pellet to
an integral over the external catalytic surface of n�jA,pellet, continuity of the nor-
mal component of diffusional mass flux at the gas/porous–solid interface was
adopted from equation 5, and n is an outward directed unit normal vector
from the external surface of the catalyst to the bulk gas phase. Hence, the
volume-averaged rate of consumption of reactant A via chemical reaction is
equivalent to the surface-averaged rate of diffusion of A into the catalyst (ie, in
the direction of �n). For one-dimensional problems that are characteristic of
pseudo-homogeneous diffusion and pseudo-volumetric chemical reaction in
catalytic pellets, the molar density of reactant A, its gradient, and its diffusional
mass flux are not functions of the surface coordinates that comprise the differen-
tial surface element dS on the external surface of a single pellet. Hence, the
numerator of the effectiveness factor can be simplified and rewritten in terms
of a gas-phase mass transfer coefficient and the difference between reactant
A’s molar density in the bulk gas phase and on the external surface of the cata-
lyst via equation 6.

�uA

Z
Vcatalyst

RðCA;pelletÞdV ¼ � 1

MWA

Z
Sexternal

fn � jA;BulkGasg@Sexternal
dS

¼ � 1

MWA
fn � jA;BulkGasg@Sexternal

Sexternal ¼ kA;MTCðCA;BulkGas � CA;SurfaceÞSexternal

ð21Þ

Effectiveness factor formalism (ie, eq. 19) has been employed to evaluate
the molar density of key reactant A on the external catalytic surface, CA,Surface,
in terms of its molar density in the bulk gas phase, CA,BulkGas. The final result is

kA;MTCðCA;BulkGas � CA;SurfaceÞSexternal ¼ ESmrapparentRSurfaceðCA;SurfaceÞVcatalyst

ð22Þ

where Vcatalyst and Sexternal represent the volume and external surface area,
respectively, of one catalytic pellet. The presence of the effectiveness factor on
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the right side of the previous equation indicates that the rate of consumption of
reactant A is averaged volumetrically throughout the pellet. It is not sufficient to
evaluate the kinetic rate law on the external surface of a porous catalyst without
including the effectiveness factor.

2.5. Dimensionless Mass Transfer Equation for Steady-State
Analysis of Ideal and Nonideal Packed Catalytic Tubular Reactors.
Begin with a plug-flow version of the mass balance for key reactant A, where
the important independent variable (ie, z-direction in cylindrical coordinates)
increases in the direction of flow of the reactive mixture. When the bulk-gas
molar density of reactant A is dimensionalized by its value at the tube inlet
(ie, z¼ 0�, CA,BulkGas¼CA,inlet)

CA;BulkGas ¼
CA;BulkGas

CA;inlet
¼ CA;BulkGas

CA;BulkGasðz ¼ 0�Þ ð23Þ

the following dimensionless equation is appropriate to simulate nonideal reactor
performance (2). The important mass transfer rate processes are convection (ie,
first-derivative term on the left side of eq. 24), interpellet axial dispersion (ie,
second-derivative term on the right side of eq. 24), and one pseudo-volumetric
nth-order irreversible chemical reaction on the internal surface of porous cata-
lysts (ie, second-term on the right side of eq. 24). The rate law depends only on
the molar density of reactant A, whose stoichiometric coefficient is �1.

PeMT
d

dzPFR
CA;BulkGas;Real ¼

d2

dz2PFR
CA;BulkGas;Real

� �2
A;interpelletð1� e p;interpelletÞECn

A;Surface;Real ð24Þ

where zPFR¼ z/LPFR is the dimensionless independent variable in the primary
flow direction. The mass transfer Peclet number PeMT (ie, product of the Rey-
nolds and Schmidt numbers), also known as the vessel Peclet number (4), repre-
sents an order-of-magnitude estimate of the rate of convective mass transfer
relative to the rate of interpellet axial dispersion. PeMT contains the interstitial
fluid velocity, based on volumetric flowrate q and the cross-sectional area avail-
able for flow, as well as the interpellet axial dispersion coefficient DA,interpellet for
reactant A.

PeMT ¼ qLPFR

ep;interpelletpR2
PFRDA;interpellet

ð25Þ

The interpellet Damköhler number represents a dimensionless ratio of the
pseudo-volumetric rate of the nth-order chemical reaction relative to the rate of
interpellet axial dispersion, and it contains the characteristic molar density of
reactant A in the inlet stream when n 6¼ 1, as well as reactor length LPFR, which
represents the characteristic length for this one-dimensional problem in cylindri-
cal coordinates. If Smrapparentkn,Surface is a temperature-dependent nth-order
pseudo-volumetric kinetic rate constant, with dimensions of (volume/mol)n�1
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per time, for pseudo-volumetric rates of reaction (ie, dimensions of moles per
pellet volume per time) that are expressed using molar densities on the external
surface of the catalyst, then the interpellet Damköhler number for reactant A is
defined as

�2
A;interpellet ¼

Smrapparentkn;SurfaceL
2
PFRCn�1

A;inlet

DA;interpellet
ð26Þ

Homogeneous chemical reactions in nonideal tubular reactors (ie, empty
tubes) that contain no porous catalytic pellets are described by a very similar
plug-flow mass balance (see eq. 24), except (1) the interpellet porosity (ie, void
volume fraction) of the packed bed, ep,interpellet, and the effectiveness factor E
should be omitted from the differential mass and thermal energy balances;
(2) the kinetic rate law requires the bulk molar density of reactant A, instead
of its molar density on the external surface of the catalyst; and (3) the mass
transfer Peclet number and the interpellet Damköhler number contain the ordin-
ary molecular diffusion coefficient of species A, instead of the interpellet axial
dispersion coefficient in the denominator of each dimensionless number (4,5).
Ideal reactor performance with either homogeneous or heterogeneous chemical
kinetics can be simulated by excluding the second-derivative term on the right
side of equation 24, because either ordinary molecular diffusion in the flow direc-
tion of empty tubes or interpellet axial dispersion in packed beds does not affect
reactant conversion in the exit stream. Ideal reactor modeling is justified when
the mass transfer Peclet number exceeds its critical value (see Section 2.7). In
heterogeneous packed catalytic tubular reactors, reactants are converted to pro-
ducts via chemical reaction on the internal surface of the catalyst. Volumetric
averaging of the rate of reactant consumption within porous catalysts is
addressed by (1) evaluating the kinetic rate law using molar densities on the
external surface of the catalyst and (2) including the effectiveness factor in the
plug-flow mass and thermal energy balances. The factor of (1�ep,interpellet) in the
dimensionless rate law of equation 24 corresponds to the ratio of pellet volume to
total reactor volume. It is required in the differential plug-flow mass and thermal
energy balances because

(1) ESmrapparentRSurface(CA,Surface) represents an average, over the volume of
each pellet, of the pseudo-volumetric rate of reactant consumption, with
units of moles per volume of catalyst per time.

(2) Plug-flow balances are based on a differential control volume for the entire
packed catalytic tubular reactor (ie, dVReactor¼ pR2

PFRdz).

(3) Hence, the volumetrically averaged rate of reactant consumption through-
out the catalyst, with units of moles per time, is manipulated as follows:

ESmrapparentRSurfacedVpellet ¼ ESmrapparentRSurfaceð1� e p;interpelletÞdVReactor ð27Þ

because Vpellet¼ (1�ep,interpellet)VReactor. The product of rapparent and
(1�ep,interpellet) is equivalent to the density of the entire packed bed. The
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minimum interpellet porosity, or minimum void volume fraction of the
packed bed, is 26% for hexagonal-close-packed and cubic-close-packed ar-
rangements of spherical pellets. One final step in developing the plug-
flow mass and thermal energy balances is division by the size of the differ-
ential control volume, dVReactor.

2.6. Zeroth-Order Chemical Kinetics in Packed Catalytic Tubular
Reactors, with and without Interpellet Axial Dispersion: The Danckwerts
Boundary Conditions. Consider the differential design equation for packed
catalytic tubular reactors with zeroth-order chemical kinetics. When interpellet
axial dispersion is negligible at large mass transfer Peclet numbers, one must
solve the following first-order ordinary differential equation (ie, ODE):

PeMT
dCA;BulkGas;Ideal

dzPFR
¼ �Eð�A;intrapelletÞf1� e p;interpelletg�2

A;interpellet ð28Þ

subject to theboundary condition that thedimensionlessmolardensityCA,BulkGas,Ideal

of reactant A under ideal conditions is, by definition, unity at the reactor inlet where
zPFR¼ 0. As the reaction rate is independent ofmolar density for zeroth-order chemi-
cal kinetics, equation 28 is valid for ideal tubular reactors in which external mass
transfer resistance is included or neglected, provided that the catalytic surface is
not starved of reactants. If the product of the effectiveness factor, the catalyst filling
factor, and the interpellet Damköhler number on the right side of equation 28 is
denoted by O (ie, the chemical reaction coefficient).

� ¼ Eð�A;intrapelletÞf1� ep;interpelletg�2
A;interpellet ð29Þ

then the solution to equation 28 is

CA;BulkGas;Ideal ¼ 1� �

PeMT

� �
zPFR ð30Þ

When interpellet axial dispersion is important at low mass transfer Peclet
numbers, the differential design equation for nonideal reactors corresponds to
a second-order ODE.

Z ¼ dCA;BulkGas;Real

dzPFR
dZ

dzPFR
¼ PeMTZ þ Eð�A;intrapelletÞf1� e p;interpelletg�2

A;interpellet

ð31Þ

The homogeneous analytical solution for the dimensionless axial reactant
concentration gradient in nonideal reactors is

Zhomogeneous ¼
dCA;BulkGas;Real

dzPFR

� �
homogeneous

¼ C1expðPeMTzPFRÞ ð32Þ

Vol. 25 TRANSPORT PHENOMENA FOR CHEMICAL REACTOR 281



The particular solution, which is the same as the complete axial concentra-
tion gradient in ideal packed catalytic tubular reactors with zeroth-order
kinetics, is

Zparticular ¼
dCA;BulkGas;Real

dzPFR

� �
particular

¼ � �

PeMT
ð33Þ

The Danckwerts boundary condition in the exit stream (ie, Z ) 0 when
zPFR ) 1) is satisfied when

C1 ¼ �

PeMT
expð�PeMTÞ ð34Þ

The final expression for the dimensionless axial reactant concentration
gradient in nonideal reactors is obtained by adding the homogeneous and par-
ticular solutions for Z, given by equations 32 and 33, respectively.

Z ¼ dCA;BulkGas;Real

dzPFR

� �
¼ � �

PeMT
f1� exp½�PeMTð1� zPFRÞ�g ð35Þ

Equation 35 is integrated analytically to obtain the molar density pro-
file of reactant A for zeroth-order chemical kinetics in nonideal packed cata-
lytic tubular reactors in which interpellet axial dispersion is important. If
the catalytic surface is not starved of reactants, then the following expression
is valid when external mass transfer resistance is either included or neglected
because reactant molar density does not appear in the rate law for zeroth-order
kinetics:

CA;BulkGas;RealðzPFRÞ ¼ C2 �
�

PeMT
zPFR � 1

PeMT
½fexpðPeMTzPFRÞ � 1gexpð�PeMTÞ�

� �
ð36Þ

The boundary condition at the reactor inlet governs the value of integration
constant C2 in equation 36. For example, if one employs the definition of dimen-
sionless reactant molar density, which requires that CA,BulkGas,Real¼ 1 at
zPFR¼ 0, then C2¼ 1. However, the Danckwerts boundary condition at the reac-
tor inlet (4,6) (see the discussion of eq. 51) suggests that

CA;BulkGas;RealðzPFR ¼ 0Þ � 1

PeMT

dCA;BulkGas;Real

dzPFR

� �
zPFR¼0

¼ 1 ð37Þ

Now

C2 ¼ 1� �

Pe2MT

f1� expð�PeMTÞg ð38Þ
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The final expression for the reactant molar density profile, which satisfies
Danckwerts boundary conditions at the inlet and outlet, is given by equations 36
and 38;

CA;BulkGas;RealðzPFRÞ ¼ CA;BulkGas;IdealðzPFRÞ �
�

Pe2MT

f1� exp½�PeMTð1� zPFRÞ�g

ð39Þ

If one evaluates equations 30, 36, and 39 in the exit stream (ie, zPFR¼ 1) and
compares the final conversion of reactant A {ie, 1 � CA,BulkGas(zPFR¼ 1)} for real
and ideal packed catalytic tubular reactors with zeroth-order chemical kinetics,
then the following results are obtained:

(1) If O � PeMT, then O/PeMT represents the conversion that one should
achieve under ideal conditions via equation 30 when the mass transfer
Peclet number is larger than its critical value, such that interpellet axial
dispersion is negligible. Reactants have not been consumed completely,
and mass transfer resistance between the bulk fluid phase and the exter-
nal surface of the catalyst is not an important factor for reactor design.

(2) Equation 39 indicates that nonideal reactors that satisfy both Danckwerts
boundary conditions achieve the same final conversion that is predicted by
the ideal design equation.

(3) Equation 36 suggests that nonideal reactors that satisfy the Danckwerts
boundary condition in the exit stream and the ideal reactor boundary
condition at the inlet, (C2 = 1), based on the definition of dimensionless reac-
tant molar density, achieve less conversion than ideal reactors, because
CA,BulkGas,Real(zPFR¼ 1) is larger thanCA,BulkGas,Ideal(zPFR¼ 1).

CA;BulkGas;RealðzPFR ¼ 1Þ ¼ CA;BulkGas;IdealðzPFR ¼ 1Þ þ �

Pe2MT

f1� expð�PeMTÞg

ð40Þ

When the mass transfer Peclet number is large enough (ie, larger than its
critical value that increases at higher interpellet Damköhler numbers; see
equation 43 and Table 1), the second term on the right side of equation 40 is
negligible and the PFR behaves ideally.

2.7. Critical Value of the Mass Transfer Peclet Number, Below Which
Interpellet Axial Dispersion Must be Included in Nonideal Tubular Reactor
Models. Simulations are compared for ideal and nonideal tubular reactors under
isothermal conditions in the absence of external mass transfer resistance. The
kinetics are nth-order irreversible, with n¼ 1 or 2, and the bulk gas-phase molar
density of reactant A is sufficient to evaluate the rate law when external mass
transfer resistance is negligible. In light of results from the previous section,
both types of reactors obey ideal PFR boundary conditions at the inlet, whereas
nonideal reactors satisfy the Danckwerts boundary condition in the exit stream.
The following problems are analyzed for given values of O, which is described as
the chemical reaction coefficient, and the mass transfer Peclet number is increased
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systematically until it achieves its critical value when both solutions for the bulk
gas-phase molar density of key reactant A in the exit stream are indistinguishable.
The ideal reactor is described by a first-order ODE (ie, eq. 24 without the second-
derivative term) that can be solved analytically for any value of n.

PeMT
dCA;BulkGas;Ideal

dzPFR
¼ ��2

A;interpelletf1� ep;interpelletgECn
A;BulkGas;Ideal

¼ ��Cn
A;BulkGas;Ideal

CA;BulkGas;IdealðzPFR ¼ 0Þ ¼ 1

CA;BulkGas;IdealðzPFR ¼ 1;n ¼ 1Þ ¼ exp � �

PeMT

� �

CA;BulkGas;IdealðzPFR ¼ 1;n 6¼ 1Þ ¼ PeMT

PeMT þ ðn � 1Þ�

� �1=ðn�1Þ

ð41Þ

Nonideal reactors are described by one second-order ODE (ie, eq. 24) that
can be written as two coupled first-order ODEs with split boundary conditions (2).

Z ¼ dCA;BulkGas;Real

dzPFR
dZ

dzPFR
¼ PeMTZ þ �2

A;interpelletf1� e p;interpelletgECn
A;BulkGas;Real

¼ PeMTZ þ �Cn
A;BulkGas;Real

CA;BulkGas;RealðzPFR ¼ 0Þ ¼ 1

ZðzPFR ¼ 1Þ) 0 ð42Þ

Table 1. Effect of the Chemical Reaction Coefficient X on the Critical Value of the Mass
Transfer Peclet Number for Simple nth-Order Irreversible Chemical Kinetics in Packed
Catalytic Tubular Reactors

O ¼ L2
A,interpellet(1�ep,interpellet)E (ReSc)critical, n ¼ 1 (ReSc)critical, n ¼ 2

0.5 10
1 15 15
2 21
4 30
5 34 30
7 40
10 49 50
15 61
20 71
25 80
30 89
40 104
50 118 90
75 149 105
100 176 115

Interpellet axial dispersion does not affect reactor performance when PeMT exceeds (ReSc)critical.
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Trial-and-error is required, because one must provide guesses for the
dimensionless axial molar density gradient Z at the inlet to initiate numerical
integration. The correct guess for Z at zPFR¼ 0 yields convergence of the Danck-
werts boundary condition in the exit stream. For some values of O and PeMT, this
nonideal reactor problem is extremely sensitive to the initial guess for Z at
zPFR¼ 0. Changes in the initial guess on the order of 10�11 produce enormous
fluctuations in reactant molar density profiles such that it is not possible to con-
verge on the Danckwerts boundary condition in the exit stream. Some of these
instabilities associated with numerical solutions of stiff differential equations
can be avoided by (1) reformulating the problem such that a new independent
variable is introduced, which increases from outlet to inlet, and (2) integrating
backwards (7). The following trends are observed. When the kinetic rate law is
simple nth-order, irreversible, and only a function of the molar density of reac-
tant A, with n > 0, one achieves a higher conversion of reactants to products
under ideal conditions in plug-flow tubular reactors (PFRs) relative to continu-
ous stirred tank reactors (CSTRs). PFRs represent the extreme of no mixing,
whereas CSTRs correspond to the other extreme of complete mixing. Hence, it
is reasonable that when axial diffusion or interpellet axial dispersion is included
in the nonideal PFR differential design equation, one achieves less conversion of
reactants to products relative to ideal PFR predictions because diffusion or dis-
persion introduces mixing ahead of and behind the ‘‘plug.’’ In order of decreasing
outlet conversion of reactants to products, the following trend is observed:
(1) ideal PFRs with no axial mixing, (2) real PFRs with some axial mixing, and
(3) ideal CSTRs with complete mixing throughout the reactor. The mass transfer
Peclet number and the reactor type govern the extent of mixing, where smaller
values of PeMT in differential tubular reactors correspond to more mixing. Hence,
an increase in PeMT reduces the effect of axial mixing. When the mass transfer
Peclet number exceeds its critical value, interpellet axial dispersion in the non-
ideal reactor model has no effect on reactant conversion and simulations for both
types of tubular reactors (ideal vs. nonideal) yield the same predictions. It is
advantageous to document critical values of the mass transfer Peclet number
(ReSc)critical because, if one operates above the critical value, it is not necessary
to include interpellet axial dispersion in the reactor model and solve two coupled
first-order ODEs numerically with split boundary conditions that are sensitive to
the initial guess for Z at zPFR¼ 0. Ideal tubular reactor simulations for simple
nth-order kinetics exhibit analytical solutions for any reaction order n, given
by equation 41. Table 1 summarizes the effect of the chemical reaction coefficient
on (ReSc)critical for n¼ 1 and n¼ 2 in tubular reactors. If the reactor does not con-
tain porous catalytic pellets, then the results summarized in Table 1 and equa-
tion 43 are applicable if one neglects the interpellet porosity ep,interpellet and the
effectiveness factor E in the definition of O, and the mass transfer Peclet number
is evaluated in terms of (1) the superficial fluid velocity through an empty tube
and (2) the ordinary molecular diffusion coefficient instead of the interpellet
axial dispersion coefficient. For chemical reaction coefficients O between 100
and 500, the following empirical equation is applicable when n¼ 1:

ðReScÞcritical � 111þ 0:72�2
A;interpelletð1� e p;interpelletÞE ð43Þ
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2.8. Design of Ideal Isothermal Packed Catalytic Tubular Reactors
with First-Order Irreversible Chemical Kinetics When the External
Resistance to Mass Transfer Cannot be Neglected. If the rate of thermal
energy generated by exothermic chemical reactions is counterbalanced by the
rate of heat removal across the outer diathermal wall, then temperature
changes throughout the reactor are negligible and the thermal energy balance
is not required. At high mass transfer Peclet numbers where interpellet axial
dispersion is negligible and ideal tubular reactor simulations are justified, one
must solve the following first-order ODE (ie, species mass balance) and sup-
porting algebraic equation (ie, accounting for external mass transfer resis-
tance via equation 22) when the kinetics are first-order and irreversible (ie,
n¼ 1):

PeMT
dCA;BulkGas;Ideal

dzPFR
¼ ��2

A;interpelletf1� ep;interpelletgECn
A;Surface;Ideal ¼ ��Cn

A;Surface;Ideal

kA;MTCðCA;BulkGas;Ideal � CA;Surface;IdealÞSexternal ¼ ESmrapparentkn;SurfaceC
n
A;Surface;IdealVcatalyst

CA;BulkGas;IdealðzPFR ¼ 0Þ ¼ 1 ð44Þ

where the heterogeneous kinetic rate law, with dimensions of moles per
internal catalytic surface area per time, is expressed as RSurface(CA,Surface,

Ideal)¼ k1,Surface CA,Surface,Ideal and k1,Surface is a reaction velocity constant
with dimensions of length per time. Analytical integration of the plug-flow
mass balance in equation 44 is not possible until one obtains explicit evalua-
tion CA,Surface,Ideal in terms of CA,BulkGas,Ideal, which is only possible for zeroth-
order, first-order, and second-order kinetics. Dimensional analysis of the
supporting algebraic equation, which equates the rate of mass transfer of reac-
tant A from the bulk fluid phase toward the external surface of the catalyst and
the volumetrically averaged rate of reactant consumption within porous
pellets via effectiveness factor formalism, [ie, see equation 22], employs the
inlet molar density of reactant A as the characteristic molar density for this
problem. Hence,

CA;BulkGas;Ideal ¼
CA;BulkGas;Ideal

CA;Inlet
;CA;Surface;Ideal ¼

CA;Surface;Ideal

CA;Inlet

CA;BulkGas;Ideal �CA;Surface;Ideal ¼
ESmrapparentkn;SurfaceVcatalystC

n�1
A;Inlet

kA;MTCSexternal
Cn

A;Surface;Ideal

a ¼
ESmrapparentkn;SurfaceVcatalystC

n�1
A;Inlet

kA;MTCSexternal

aCn
A;Surface;Ideal þCA;Surface;Ideal �CA;BulkGas;Ideal ¼ 0 ð45Þ

Equation 45 provides an algebraic relation between dimensionless bulk
gas and surface molar densities of reactant A that is linear for zeroth-order
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and first-order kinetics. The complete solution for n¼ 1 is given by

CA;Surface;Ideal ¼ 1

1þ a
CA;BulkGas;Ideal

CA;BulkGas;IdealðzPFRÞ ¼ exp � �zPFR
ð1þ aÞPeMT

� �

¼ exp �
�2

A;interpelletð1� ep;interpelletÞEzPFR
ð1þ aÞPeMT

( )
ð46Þ

where a is the dimensionless parameter that governs the importance of external
mass transfer resistance. In the reaction-controlled regime where a approaches
zero, external mass transfer resistance is not very important and the assumption
of volumetrically averaged catalytic reaction rates based on bulk gas-phase molar
densities is valid. These conditions are achieved at (1) low rates of reactant conver-
sion, (2) small catalytic pellets with large external surface-to-volume ratios, and (3)
high gas-phase flow rates through the packed bed. Reactant conversion suffers con-
siderably in the diffusion-controlled regime where rates of mass transfer of reac-
tants toward the catalytic surface are much slower than reaction rates and a
increases without bound. All parametric changes that increase the argument of
the exponential in equation 46 for CA,BulkGas,Ideal produce higher conversion with-
out increasing reactor volume because, in most cases, when kinetic rate laws are
evaluated at higher reactant molar densities, one achieves greater reactant-to-
product conversion rates.

2.9. Isothermal Design of Ideal and Nonideal Packed Catalytic
Tubular Reactors with Second-Order Irreversible Chemical Kinetics
When the External Resistance to Mass Transfer is Significant. When
n¼ 2 in equation 45, the quadratic formula is useful to relate surface and
bulk-gas molar densities of reactant A in ideal and nonideal reactors that contain
porous catalysts. Hence, for ideal and real reactor performance, one obtains the
following relation between bulk and surface molar densities of reactant A for
second-order irreversible chemical kinetics when the rate law depends only on
CA,Surface:

aC2
A;Surface þCA;Surface �CA;BulkGas ¼ 0

CA;Surface ¼
1

2a
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aCA;BulkGas

p� � ð47Þ

This result reduces to (1) CA,Surface¼CA,BulkGas if the external resis-
tance to mass transfer is negligible (ie, a¼ 0), and (2) CA,Surface ) 0 when
a ) 1. Equation 47 for CA,Surface is required for ideal and nonideal tubu-
lar reactor design because the rate of conversion of reactants to products
employs molar densities on the external surface of the catalyst, together
with the effectiveness factor. The performance of ideal plug-flow tubular
reactors with second-order irreversible chemical kinetics and significant
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external mass transfer resistance is described by the following equations for
CA,BulkGas,Ideal:

PeMT
dCA;BulkGas;Ideal

dzPFR
¼ ��2

A;interpelletf1� e p;interpelletgEC2
A;Surface;Ideal

¼ ��C2
A;Surface;Ideal

CA;BulkGas;IdealðzPFR ¼ 0Þ ¼ 1 ð48Þ

When interpellet axial dispersion is important at low mass transfer Peclet
numbers, the following set of coupled first-order ODEs must be analyzed
together to calculate CA,BulkGas,Real:

Z ¼ dCA;BulkGas;Real

dzPFR
dZ

dzPFR
¼ PeMTZ þ �2

A;interpellet 1� ep;interpellet

� �
EC2

A;Surface;Real

¼ PeMTZ þ �C2
A;Surface;Real

CA;BulkGas;RealðzPFR ¼ 0Þ ¼ 1

ZðzPFR ¼ 1Þ) 0

ð49Þ

In ‘‘closed-closed’’ tubular reactors with no axial dispersion or radial varia-
tions in molar density upstream and downstream from the packed section of cat-
alytic pellets, Bischoff (8) proved rigorously that the Danckwerts boundary
condition (9) at the reactor inlet is

CA;BulkGas;RealðzPFR ¼ 0Þ � 1

PeMT

d

dzPFR
CA;BulkGas;Real

� �
zPFR¼0

¼ 1 ð50Þ

which was also employed by Irving Langmuir (10). One arrives at equation 50 by
invoking continuity of the rate of mass transfer of reactant A at zPFR¼ 0� and
zPFR¼ 0þ, where interpellet axial dispersion exists within the packed bed, but
not upstream from the inlet where the catalytic pellets are absent and no chemi-
cal reaction occurs. The cross-sectional area for fluid flow decreases abruptly at
the inlet, with a corresponding increase in average fluid velocity at the same
volumetric flowrate q due to the presence of the catalytic pellets. Hence, continu-
ity of the rate of mass transfer for reactant A at z¼ 0 yields the following dimen-
sional Danckwerts boundary condition at the reactor inlet:

qCA;BulkGas;Realðz ¼ 0� Þ ¼ qCA;BulkGas;Realðz ¼ 0þÞ

� DA;interpellet
d

dz
CA;BulkGas;Real

� �
z¼0þ

pR2
PFRe p;interpellet

q ¼ pR2
PFRhvzisuperficial ¼ e p;interpelletpR2

PFRhvziinterstitial ð51Þ
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The characteristic molar density required for dimensional analysis is
CA,BulkGas,Real(z¼ 0�), and z¼ zPFRLPFR. Even though chemical reaction occurs
beyond the inlet, but it is absent prior to the inlet, division of the steady-state
balance for reactant A at z¼ 0 (ie, eq. 51) by the product of the volumetric flow-
rate q and CA,BulkGas,Real(z¼ 0�) yields the required Danckwerts boundary condi-
tion at the inlet (ie, eq. 50), where the mass transfer Peclet number PeMT

contains the interstitial fluid velocity, reactor length LPFR, and the interpellet
axial dispersion coefficient DA,interpellet (see eq. 25 for the definition of PeMT).
Hiby (11) has demonstrated that there is no true ‘‘back mixing’’ in packed
beds, and Wicke (12) suggests that molecular diffusion across the inlet plane
at zPFR¼ 0 is negligible even at small mass transfer Peclet numbers. Hence, it
is reasonable to invoke continuity of reactant conversion and let
CA,BulkGas,Real¼ 1 at zPFR¼ 0 in packed catalytic tubular reactors, realizing
that all possible boundary conditions at the reactor inlet yield similar results
at high mass transfer Peclet numbers. Instabilities arise during numerical inte-
gration of two coupled ODEs which describe steady-state convection, interpellet
axial dispersion, and nth-order irreversible chemical reaction for certain combi-
nations of interpellet Damköhler numbers and mass transfer Peclet numbers (7).
Hence, it might be best to guess the outlet bulk molar density of reactant A and
integrate the nonideal plug-flow mass transfer equation (ie, eq. 49) backward
from outlet to inlet, until convergence is obtained at zPFR¼ 0, where
CA,BulkGas,Real¼ 1. This is accomplished in practice by (1) defining a new indepen-
dent spatial variable xPFR¼ 1 � zPFR, which increases as one moves toward the
reactor inlet, and (2) introducing a negative sign in each term on the right side of
both coupled first-order ODEs that represent the one-dimensional mass balance
(ie, eq. 49). Simulation of this problem in ideal and real tubular reactors is pro-
vided in tabular form (see Table 2) after a is evaluated in terms of the other
dimensionless numbers of interest in mass transfer. In other words, a cannot
be chosen independently for each reactor simulation.

Table 2. Effect of the Mass Transfer Peclet Number on Dimensionless Reactant Molar
Densities in the Bulk Fluid Phase and Near the External Surface of Catalytic Pellets in
Real and Ideal Heterogeneous Packed Catalytic Tubular Reactors, with and without (ie,
a ¼ 0) Significant External Mass Transfer Resistance

PeMT 0.5 1 2 3 6 8 10

a 90.5 22.6 5.66 2.51 0.628 0.353 0.226
CA,Surface(z ¼ 0) 0.0997 0.189 0.341 0.462 0.696 0.783 0.840
CA,Surface,Ideal(z ¼ 1) 0.0947 0.172 0.287 0.370 0.523 0.588 0.638
CA,BulkGas,Ideal(z ¼ 1) 0.905 0.837 0.754 0.713 0.694 0.710 0.730
CA,BulkGas,Ideal(z ¼ 1; a ¼ 0) 0.091 0.167 0.286 0.375 0.545 0.615 0.667
� (dCA,BulkGas,Real/dz)z ¼ 0 0.0385 0.1086 0.2316 0.3061 0.3689 0.3576 0.3341
CA,Surface,Real(z ¼ 1) 0.0986 0.183 0.311 0.400 0.554 0.615 0.661
CA,BulkGas,Real(z ¼ 1) 0.979 0.937 0.856 0.801 0.747 0.749 0.760
CA,BulkGas,Real(z ¼ 1; a ¼ 0) 0.424 0.447 0.489 0.528 0.620 0.666 0.703

The other important dimensionless numbers that govern reactor performance are O ¼ 5, Peparticle ¼
50, {ReSc}critical ¼ 30, jcorrelation ¼ 1, ep,interpellet ¼ 0.5, n ¼ 2 (reaction order). The chemical kinetics are
second-order and irreversible.
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2.10. Important Dimensionless Parameter that Governs the Signi-
ficance of External Mass Transfer Resistance. The important dimension-
less parameter that determines the significance of external mass transfer
resistance for nth-order irreversible chemical kinetics in packed catalytic tubular
reactors is manipulated such that a can be written in terms of the chemical reac-
tion coefficient O, the mass transfer Peclet number PeMT, and a few other dimen-
sionless numbers that influence the design of chemical reactors. For example, the
numerator of a contains Smrapparentkn;SurfacefCA;inletgn�1 (see eq. 45), which also
appears in the numerator of the chemical reaction coefficient via the interpellet
Damköhler number. Hence, simple algebraic manipulation of equations 26,29,
and 45 yields

a ¼ Vcatalyst

Sexternal

� �
�DA;interpellet

kA;MTCL2
PFRð1� ep;interpelletÞ

ð52Þ

Interphase mass transfer of reactant A in the gas phase boundary layer
external to a packed bed of porous solids has been characterized experimentally
(13) and theoretically for creeping flow around an isolated solid sphere (2,13).
In each case, the surface-averaged Nusselt number for mass transfer, or
the particle-based Sherwood number ShAverage,particle, scales as the one-third
power of the particle-based mass transfer Peclet number Peparticle for creeping
flow adjacent to high-shear no-slip interfaces, where both dimensionless num-
bers contain the equivalent diameter of a single pellet (ie, dequivalent¼ 6Vcatalyst/
Sexternal) and the ordinary molecular diffusion coefficient instead of the interpel-
let axial dispersion coefficient. Hence,

ShAverage;particle ¼
kA;MTC

DA;ordinary

6Vcatalyst

Sexternal

� �
� 2þ C1Pe

1=3
particle ð53Þ

wherethecoefficientofproportionalityC1 isveryclose tounity, the leadingterm(ie,2)
from stagnant film theory is negligible relative to the flow-related term, and the
particle-based mass transfer Peclet number, which contains the particle-based
Reynolds number, is defined in terms of the interstitialfluid velocity. Use of equation
53 for interphase mass transfer in packed columns is valid when the product of the
particle-basedReynolds number and the interpellet porosity of the packed bed (13) is
less than20,where theReparticle contains the equivalent diameter of a single catalytic
pellet. Further simplification of equation 52 yields

a� 6
Vcatalyst

LPFRSexternal

� �2 �

Pe
1=3
particleð1� ep;interpelletÞ

DA;interpellet

DA;ordinary

� �
ð54Þ

Now, it is necessary to discuss experimental correlations for flow through
porous media that allow one to calculate interpellet axial dispersion coefficients.
In Porous Media; Fluid Transport and Pore Structure by Dullien (14), graphical
results contain 175 data points for one-dimensional flow in packed beds and por-
ous media from several different studies that encompass a wide range of particle
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sizes. For particle-based mass transfer Peclet numbers between 1 and 3� 106,
experimental data were analyzed by comparing one-dimensional axial dispersion
in packed beds with two-dimensional Taylor dispersion of tracers in capillary
tubes. Results are summarized below with assistance from a correlation coeffi-
cient jcorrelation:

DA;interpellet

DA;ordinary
�jcorrelation

hvziinterstitial
DA;ordinary

6Vcatalyst

Sexternal

� �
¼ jcorrelationPeparticle

jcorrelation ¼
1; 1 � Peparticle � 102

2; 102 <Peparticle � 3� 106

8<
:

9=
;

ð55Þ

Explicit evaluation of interpellet axial dispersion coefficients from the pre-
vious empirical experimental correlation provides a straightforward approach to
calculate vessel-based mass transfer Peclet numbers PeMT, where reactor length
LPFR is the characteristic distance.

DA;interpellet �jcorrelation

q

e p;interpelletpR2
PFR

6Vcatalyst

Sexternal

� �

PeMT ¼ qLPFR

e p;interpelletpR2
PFRDA;interpellet

� LPFR

jcorrelation

Sexternal

6Vcatalyst

� � ð56Þ

Equation 56 allows one to replace Vcatalyst=fLPFRSexternalg by 1/PeMT in equa-
tion 54 for a. The final result is

a�
�Pe

2=3
particle

6jcorrelationPe2MTð1� e p;interpelletÞ
ð57Þ

Simulations are given in Table 2 as a function of PeMT, when O and Peparticle
remain constant, illustrating how the outlet conversion in real and ideal packed
catalytic tubular reactors with significant external mass transfer resistance (ie,
a 6¼ 0) is governed by competing effects that depend on the mass transfer Peclet
number (2).

For example, in Table 2, the dimensionless outlet molar density of reactant
A decreases and conversion increases as PeMT increases from 0.5 to 6, when the
chemical reaction coefficient, which contains the interpellet Damköhler number,
remains constant and a 6¼ 0. When PeMT is greater than 6, the molar density of
reactant A in the exit stream increases. Based on equations 25 and 26, the ratio
of the interpellet Damköhler number to PeMT scales linearly with residence time
t, which decreases as one moves from left to right in Table 2. Under these condi-
tions in the absence of external mass transfer resistance, one achieves less con-
version of reactants to products because residence time decreases. This trend is
observed for the dimensionless outlet molar density of reactant A in ideal and
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nonideal tubular reactors for all mass transfer Peclet numbers when a¼ 0. How-
ever, the external resistance to mass transfer cannot be neglected at low values
of PeMT. The large difference between reactant molar densities in the bulk gas
stream and those on the external surface of the catalytic pellets supports this
claim. Reactor performance is extremely poor at very small PeMT because kinetic
rate laws are evaluated at low surface molar densities of the reactants. This pro-
blem in the design of packed catalytic tubular reactors is corrected, to some
extent, when PeMT increases, because a decreases and the external resistance
to mass transfer becomes less significant. Hence, one achieves higher conversion
of reactants to products at shorter residence times, over a restricted range of
PeMT in the creeping flow regime, because a scales as (PeMT)

�2, whereas t scales
as (PeMT)

�1. As one moves from left to right in Table 2 at very small values of
PeMT, the external resistance to mass transfer decreases more abruptly than t
decreases, and the thickness of the gas-phase mass transfer boundary layer gov-
erns the performance of packed catalytic tubular reactors. At larger values of
PeMT where a is relatively small and external resistance is not very important,
reactor performance is governed by the convective mass transfer rate process.
Now, the primary consequence of an increase in PeMT is that t decreases, and
one achieves less conversion of reactants to products. Simulations in Table 2
reveal that the highest conversion of reactants to products is achieved in ideal
PFRswith no externalmass transfer resistance (ie, a¼ 0). However, all simulations
inTable 2 for ideal tubular reactors arenot justifiedbecause one is operating atmass
transfer Peclet numbers that are three-fold to sixty-fold smaller than {ReSc}critical.
The only valid simulations in Table 2 are those that include interpellet axial disper-
sion and external mass transfer resistance, because PeMT < {ReSc}critical and reac-
tant molar densities near the external surface of the catalytic pellets are
significantly less than those in the bulk fluid phase. In general, external resis-
tance to mass transfer (1) reduces reactant molar densities on the catalytic sur-
face, (2) decreases the rate of conversion of reactants to products, and (3) requires
longer PFRs to achieve the same final conversion relative to the case where a¼ 0.

2.11. Maximum Conversion in Nonideal Packed Catalytic Tubular
Reactors under Isothermal Conditions with First-Order Irreversible
Chemical Kinetics and Significant External Mass Transfer Resistance.
Quantitative results in Table 2 reveal that one achieves maximum conversion of
reactants to products (ie, &25%) in nonideal packed catalytic tubular reactors
when PeMT¼ 6 for second-order irreversible chemical kinetics with O¼ 5,
Peparticle¼ 50, and an interpellet porosity of 50%. Hence, optimum reactor perfor-
mance, which yields maximum conversion of reactants to products, might occur
under nonideal conditions when external mass transfer resistance is significant.
The results presented in Table 3 summarize the dependence of PeMT on the parti-
cle-based mass transfer Peclet number and the chemical reaction coefficient for
first-order irreversible chemical kinetics, such that one achieves maximum conver-
sion of reactants to products (2). In each case, the critical value of the mass transfer
Peclet number is included in Table 3 to emphasize the fact that all 18 values of
PeMT, where maximum conversion occurs are subcritical, requiring the inclusion
of interpellet axial dispersion in these design simulations. Furthermore, the volume-
trically averaged rate of conversion of reactants to products must be calculated
using molar densities near the external surface of the catalytic pellets, not molar
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densities in the bulk fluid phase, because a > 0. Maximum conversion increases at
larger chemical reaction coefficients and smaller particle-based mass transfer Peclet
numbers (ie, the ratio of O to Pe particle scales as the square of residence time). The
corresponding value of PeMT, which yields maximum conversion, increases at larger
chemical reaction coefficients and larger Peparticle.

These trends are illustrated in Figures 1–3. When the chemical reaction
coefficient remains constant, the presence of both interpellet axial dispersion
and external mass transfer resistance in tubular reactor simulations reveals
that higher conversion of reactants to products is achieved at shorter residence
times, over a restricted range of subcritical mass transfer Peclet numbers. These
nontraditional results are attributed to the analysis of external mass transfer
resistance in isothermal packed catalytic tubular reactors.

2.12. Examples of Packed Catalytic Tubular Reactor Design with
External Mass Transfer Resistance. A packed catalytic tubular reactor
(radius RPFR and length LPFR) contains porous spherical catalysts (radius Rsphere)
and operates at the following values of the important dimensionless numbers
that govern reactor performance. The reaction kinetics are second-order irrever-
sible (ie, n¼ 2) and the rate law depends only on the molar density of reactant A
on the external surface of the catalyst [ie, k2(CA,Surface)

2].

Table 3. Combinations of the Chemical Reaction Coefficient X, Peparticle, and PeMT that
Yield Maximum Conversion of Reactants to Products in Nonideal Packed Catalytic Tub-
ular Reactors with First-Order Irreversible Chemical Kinetics (ie, n ¼ 1) and external
mass transfer resistance (ep;interpellet ¼ 0.5)

O ¼ 1
Peparticle

{ReSc}critical ¼ 15
j correlation PeMT

Maximum
Conversion (%) a

1 1 1.5 23 0.15
10 1 2.0 18 0.39
50 1 3.2 14 0.44

100 1 3.7 12 0.52
250 2 4.7 10 0.30
500 2 5.7 8 0.32

O ¼ 20
Peparticle

{ReSc}critical ¼ 71
j correlation PeMT

Maximum
Conversion (%) a

1 1 5 85 0.27
10 1 8 73 0.48
50 1 11 59 0.75

100 1 14 52 0.73
250 2 18 43 0.41
500 2 22 37 0.43

O ¼ 100
Peparticle

{ReSc}critical ¼ 176
j correlation PeMT

Maximum
Conversion (%) a

1 1 10 99 0.33
10 1 18 95 0.48
50 1 24 87 0.79

100 1 27 82 0.99
250 2 28 83 0.84
500 2 48 65 0.46
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Intrapellet Damköhler number (characteristic length is Rsphere),
L2

A,intrapellet¼ 4.

Interpellet Damköhler number, L2
A,interpellet¼ 14.

Mass transfer Peclet number, PeMT¼ 3.

Particle-based mass transfer Peclet number, Peparticle¼ 50.

Interpellet porosity, ep,interpellet¼ 0.5.

Outlet Conversion in Nonideal PFRs with Significant External
Mass Transfer Resistance
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Fig. 1. Effect of the mass transfer Peclet number PeMT and Peparticle (¼ PeSimple) on
dimensionless reactant molar density in the exit stream (ie, zPFR ¼ 1) of nonideal packed
catalytic tubular reactors with first-order irreversible chemical kinetics, external mass
transfer resistance, ep,interpellet ¼ 0.50, and O ¼ ChemRxCoeff ¼ 1.
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Fig. 2. Effect of the mass transfer Peclet number PeMT and Peparticle (¼PeSimple) on di-
mensionless reactant molar density in the exit stream (ie, zPFR ¼ 1) of nonideal packed
catalytic tubular reactors with first-order irreversible chemical kinetics, external mass
transfer resistance, ep,interpellet ¼ 0.50, and O¼ChemRxCoeff ¼ 20.
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Nonideal Design. The initial step in the overall design strategy is to consult
Table 18-1 in Transport Phenomena for Chemical Reactor Design, by Belfiore (2),
where pseudo-homogeneous radial diffusion and pseudo-volumetric second-order
irreversible chemical reaction in spherical catalysts are characterized numerically
by an effectiveness factor E¼ 0.71 when the intrapellet Damköhler number (ie,
L2

A,intrapellet) is 4. The chemical reaction coefficient is approximately 5 (actually
4.97). Hence, Table 1 reveals that the mass transfer Peclet number PeMT is 10-fold
smaller than {ReSc}critical, and Table 2 indicates that external mass transfer resis-
tance is significant, because a&2.5. Based on the definition of dimensionless reac-
tantmolar density via equation 23, final conversion in this nonideal tubular reactor
is given by xfinal¼ 1 � CA,BulkGas,Real(zPFR¼ 1)¼ 20% (ie, 0.20).

Effect of Reactor Length. If the reactor length is tripled (ie, three-fold
increase in LPFR) while maintaining the same pellet packing density, then the
particle-based dimensionless numbers are not affected. Hence, the intrapellet
Damköhler number, the effectiveness factor, and the particle-based mass trans-
fer Peclet number do not change. The interpellet porosity of the packed bed
remains constant, according to the design statement. The mass transfer Peclet
number scales as LPFR, and the interpellet Damköhler number scales as the
square of LPFR (ie, see eqs. 25 and 26). If reactor length increases by a factor
of 3, then PeMT¼ 9 (ie, increases by a factor of 3) and L2

A,interpellet¼ 126 (ie,
increases by a factor of 9). There is no change in a, which remains constant at
a numerical value of 2.5 as the reactor length increases by a factor of 3. In gen-
eral, a is independent of reactor length. Alpha scales as the ratio of the interpel-
let Damköhler number to the square of the mass transfer Peclet number, both of
which scale as L2

PFR, yielding no dependence of a on LPFR via equation 57. No
other dimensionless numbers in the definition of a depend on LPFR. If the kinetics
were first-order irreversible, instead of second-order, then one predicts 77% final
conversion in ideal packed catalytic tubular reactors via equation 46 when
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Fig. 3. Effect of the mass transfer Peclet number PeMT and Peparticle (¼ PeSimple) on di-
mensionless reactant molar density in the exit stream (ie, zPFR ¼ 1) of nonideal packed
catalytic tubular reactors with first-order irreversible chemical kinetics, external mass
transfer resistance, ep,interpellet ¼ 0.50, and O¼ChemRxCoeff ¼ 100.
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external mass transfer resistance cannot be neglected and LPFR is 3-fold larger.
Alpha remains constant at 2.85 for first-order kinetics as LPFR increases by a fac-
tor of 3. The only difference between a¼ 2.5 for second-order kinetics and a¼ 2.85
for first-order kinetics is due to the effectiveness factor in spherical catalytic pel-
lets (E¼ 0.71 for n¼ 2 vs. E¼ 0.81 for n¼ 1 when L2

A,intrapellet¼ 4). The classic
isothermal dimensionless correlation that summarizes intrapellet radial diffu-
sion and first-order irreversible chemical reaction in spheres is (2,13).

E ¼ 3

�2
A;intrapellet

�A;intrapellet

tanh�A;intrapellet
� 1

� �
ð58Þ

Effect of Volumetric Flowrate. If the volumetric flowrate is tripled (ie,
three-fold increase in q) while maintaining the same pellet packing density,
then the intrapellet Damköhler number and the effectiveness factor are not
affected. The particle-based mass transfer Peclet number increases by a factor
of 3 because it is defined via equation 55 in terms of the average interstitial
fluid velocity between the catalytic pellets. As Peparticle increases from 50 to
150, the correlation coefficient for interpellet axial dispersion increases from 1
to 2. Hence, the mass transfer Peclet number decreases by a factor of 2, from 3
to 1.5 via equation 56, because the interpellet axial dispersion coefficient appears
in the denominator of PeMT. There is no other effect of flowrate on PeMT. As inter-
pellet axial dispersion coefficients increase by a factor of 6 (ie, 3-fold increase in
the interstitial fluid velocity and a 2-fold increase in the correlation coefficient
from the dimensional analysis of flow through porous media), the interpellet
Damköhler number decreases from 14 to 2.33 when the volumetric flowrate tri-
ples. Alpha decreases because there is less mass transfer resistance in the gas-
phase boundary layer external to the catalytic pellets, producing an increase in
mass transfer coefficients at higher flowrates. In the creeping flow regime, mass
transfer coefficients in the gas-phase boundary layer scale as the one-third power
of the particle-based Reynolds number via equation 53, which includes the inter-
stitial fluid velocity. Interpellet axial dispersion coefficients scale linearly with
q via their dependence on the interstitial fluid velocity between the catalytic pel-
lets, and interpellet Damköhler numbers scale inversely with q. As flowrate
affects the chemical reaction coefficient O and Peparticle, equation 57 reveals
that a scales as q�1/3 for creeping flow. The correlation coefficient for interpellet
axial dispersion does not affect a. Hence, if q increases 3-fold, then a decreases by
1.4, or 31/3. If the kinetics were first-order irreversible, instead of second-order,
then one predicts 19% final conversion in ideal packed catalytic tubular reactors
via equation 46 when external mass transfer resistance cannot be neglected. Reac-
tant conversion is governed primarily by a 3-fold decrease in residence time. Alpha
actually decreases from 2.85 to 2.0 when the kinetics are first-order irreversible
and the volumetric flowrate triples. This agrees with a & q�1/3.

Effect of Particle Size. If the diameter of the spherical catalytic pellets is
reduced by a factor of 2 (ie, 2-fold decrease in Rsphere) while maintaining the same
pellet packing density, then both the particle-based and vessel-based dimension-
less numbers are affected. As the intrapellet Damköhler number scales as the
square of the pellet radius (ie, see equation 76), a 2-fold decrease in Rpellet
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produces a 4-fold decrease in L2
A,intrapellet from 4 to 1, and a corresponding in-

crease in the effectiveness factor from 0.71 to 0.89 as summarized in Table 18-1
of Transport Phenomena for Chemical Reactor Design, by Belfiore (2), for sec-
ond-order irreversible chemical reaction in spheres. As the particle diameter
for spherical catalysts represents the characteristic length in Peparticle, the parti-
cle-based mass transfer Peclet number decreases 2-fold from 50 to 25, and the
correlation coefficient for interpellet axial dispersion remains constant at
jcorrelation¼ 1. The mass transfer Peclet number scales inversely with particle
size via equation 56, so PeMT increases 2-fold from 3 to 6. Interpellet axial disper-
sion coefficients scale linearly with particle size, so a 2-fold decrease in pellet dia-
meter produces a 2-fold decrease in interpellet axial dispersion coefficients and a
corresponding 2-fold increase in the interpellet Damköhler number from 14 to
28. The effect of particle size, or the equivalent diameter of a single catalytic pel-
let dequivalent, on a depends on the magnitude of the intrapellet Damköhler num-
ber because the effectiveness factor scales inversely with dequivalent only in the
diffusion-limited regime (ie,E&1/LA,intrapellet) at large values ofLA,intrapellet. In gen-
eral, interpellet axial dispersion coefficients scale linearly with dequivalent and the
mass transfer Peclet number scales inversely with dequivalent. Hence, in the diffu-
sion-limited regime, the chemical reaction coefficient scales inverselywithd2

equivalent

via theeffectiveness factorand the interpelletDamköhlernumber.Now, theeffects of
dequivalent ona via the chemical reaction coefficient and themass transferPeclet num-
ber cancel, so the only remaining dependence of a on dequivalent is due to the particle-
basedmass transfer Peclet number, so a& (dequivalent)

2/3 because Peparticle scales lin-
earlywithdequivalent.Whenparticle sizedecreasesbya factorof 2, theprevious scaling
law in the diffusion-limited regime suggests that a decreases by 1.6, or 22/3. If one
neglects the effect of particle size on the effectiveness factor in the extreme reac-
tion-rate-controlled regimeatverysmall valuesof the intrapelletDamköhlernumber
(ie, E &1, isothermally), then the chemical reaction coefficient scales inversely with
dequivalent via the interpellet Damköhler number, the ratio of the chemical reaction
coefficient to Pe2MT scales linearly with dequivalent, and a& (dequivalent)

5/3. When par-
ticle size decreases 2-fold, this scaling law suggests that a decreases by 3.2, or 25/3.
Actual calculations for first-order irreversible chemical reaction indicate that a
decreases by a factor of 2.85, from 2.85 to 1.0, when the diameter of these spherical
catalytic pellets decreases 2-fold, the intrapellet Damköhler number L2

A,intrapellet

decreases 4-fold, and the effectiveness factor increases from E¼ 0.81 when
L2

A,intrapellet¼ 4 to E¼ 0.94 when L2
A,intrapellet¼ 1. The actual scaling law is some-

where between a & (dequivalent)
5/3 at small intrapellet Damköhler numbers, and a

& (dequivalent)
2/3 at large intrapellet Damköhler numbers, which is consistent with

the fact that L2
A,intrapellet¼ 1. One predicts 66% conversion of reactants to products

in ideal packed catalytic tubular reactors with first-order irreversible chemical
kinetics via equation 46 when external mass transfer resistance cannot be neglected
and particle size decreases by a factor of 2.

Effect of Reactor Diameter. If the tubular reactor diameter is doubled
(ie, 2-fold increase in RPFR) while maintaining the same pellet packing density,
then the intrapellet Damköhler number and the effectiveness factor are not
affected. The particle-based mass transfer Peclet number decreases 4-fold,
from 50 to 12.5, because the average interstitial fluid velocity is 4-fold smaller
if the volumetric flowrate remains constant and the flow cross-sectional area
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experiences a 4-fold increase. In this range of Peparticle, the correlation coefficient
that relates interpellet axial dispersion to Peparticle does not change, and neither
does the mass transfer Peclet number PeMT. As the average interstitial fluid velo-
city experiences a 4-fold decrease, so does the interpellet axial dispersion coeffi-
cient, which causes the interpellet Damköhler number to increase by a factor of
four, from 14 to 56, when the reactor diameter is doubled. The primary reason
that a increases is because the average interstitial velocity decreases when the
flow cross-sectional area increases and the volumetric flowrate remains constant.
A few important dimensionless numbers are affected by hvziinterstitial. The inter-
pellet Damköhler number and the chemical reaction coefficient increase by a fac-
tor of four, whereas the particle-based mass transfer Peclet number decreases by
a factor of four. Mass transfer resistance increases in the external gas-phase
boundary layer when the interstitial fluid velocity decreases. In the creeping
flow regime, mass transfer coefficients scale as the one-third power of the parti-
cle-based Reynolds number, which includes the interstitial fluid velocity. This
effect is accounted for by the dependence of the particle-based surface-averaged
Sherwood number on Peparticle for creeping flow around submerged objects. Equa-
tion 57 reveals that a scales as (RPFR)

2/3 for creeping flow, via consideration of the
effect of RPFR on the chemical reaction coefficient O, or the interpellet Damköhler
number, and Peparticle. Hence, if RPFR increases 2-fold, then a increases by 1.6, or
22/3. If the kinetics were first-order irreversible, not second-order, then one pre-
dicts 75% final conversion in ideal packed catalytic tubular reactors via equation
46, primarily because residence time t increases by a factor of four with signifi-
cant external mass transfer resistance. One of the previous examples reveals
that ideal packed catalytic tubular reactors achieve 77% conversion when LPFR

triples, which corresponds to a 3-fold increase in residence time with a¼ 2.85 and
first-order irreversible kinetics. When the reactor radius increases 2-fold and
residence time increases 4-fold, one achieves slightly less conversion (ie, 75%),
relative to the 3-fold increase in t that corresponds to a 3-fold increase in
LPFR, because a increases from 2.85 to 4.5 when RPFR is doubled. This agrees
with a & (RPFR)

2/3 and illustrates the combined effects of residence time and
external mass transfer resistance on final conversion in ideal packed catalytic
tubular reactors. Equation 57 illustrates the dependence of a on some important
dimensionless parameters that govern the performance of packed catalytic tub-
ular reactors. This correlation is exact in the creeping flow regime. The four
numerical examples discussed in this article reveal an equivalent creeping-
flow scaling law for a in terms of some important dimensional parameters.

a�
R

2=3
PFRdg

equivalent

q1=3
6¼ f ðLPFRÞ

2

3
� g<

5

3

ð59Þ

where the exponent g is a decreasing function of the intrapellet Damköhler num-
ber. For example, g is slightly less than 5/3 when LA,intrapellet approaches zero in
the extreme reaction-rate-controlled regime, and g¼ 2/3 at very large values of
the intrapellet Damköhler number in the diffusion-controlled regime where
the effectiveness factor scales inversely with LA,intrapellet.
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2.13. MaximumTemperature inMacroporousCatalystswithExother-
mic Chemical Reaction in the Diffusion-Controlled Regime. The classic
Prater equation (6,15–17) relates temperature and reactantmolar density in porous
catalysts when (1) only one chemical reaction occurs, (2) all physicochemical pro-
perties of the reactivemixtureexhibitno temperaturedependence, and (3) thermaldif-
fusion is not considered. When catalysts operate in the diffusion-controlled regime at
large intrapelletDamköhler numbers (18), thePrater equation suggests that there is
a simple linear relationbetweenmaximumintrapellet temperaturesnear the central
core of the catalyst and the Prater number b, where b is defined in equation 64. This
relation betweenmaximum intrapellet temperature and the Prater number exhibits
significant deviations from linearity when the analysis of coupled heat and mass
transfer in macroporous catalysts includes thermal diffusion and temperature-
dependent physicochemical properties of the reactive gasmixture.Numerical analy-
sis is required, in general, to obtain thedesirednonlinear relationbetweenmaximum
intrapellet temperatureandthePraternumberb,whichreveals thatbhasapractical
upper limit for steady-state simulations to prevent core temperatures from increas-
ing by a few orders of magnitude relative to conditions on the external catalytic sur-
face. This restriction on themagnitude of thePraternumber for exothermic chemical
reactions isnot obvious fromtheoriginalPraterequation, and therearevery fewpub-
lications in theWeb of Science database that focus onmaximum temperature in por-
ous catalysts with exothermic chemical reaction. There seems to be a dearth of
publications thataddress intrapellet coupledheatandmass transferwithexothermic
chemical reaction in thepresenceof thermaldiffusion (ie, theSoreteffect).The follow-
ing subsections of this article consider steady-state analysis of the microscopic mass
transfer equation and the thermal energy balance with one chemical reaction in por-
ous catalysts. Convective transport in neglected. Equation 60 is valid in the presence
or absence of thermal diffusion, whereas thermal diffusion is neglected in equations
61 and 62. These equations and their dimensionless analogs provide the starting
point for numerical analysis of maximum intrapellet temperature in the diffusion-
controlled regime where the central core of the catalyst is starved of reactants.

Theoretical Considerations. Steady-state analysis of coupled heat and
mass transfer in porous catalysts, with negligible convective transport, allows one
to relate temperature and species molar density profiles in isolated pellets. The
intrapellet thermal energy balance based on equations 9–13 is revisited, including
the stoichiometric relation among intrapellet diffusional fluxes (ie, equation 4), to
estimate the temperature increase due to exothermic reaction. For example, if n is
a unit normal vector directed from the pellet into the bulk gas stream, and the
molecular flux of thermal energy contains contributions from thermal conduction
(ie, Fourier’s law) and the interdiffusional flux via the coupling between heat
and mass transfer, then equation 60 is valid everywhere within the pellet;

n � q ¼ n � �keffectiverTpellet þ
XN

i¼1

�HHi

MWi
ji;pellet

( )
¼ 0

n � fkeffectiverTpelletg ¼
XN

i¼1

�HHi

MWi
fn � ji;pelletg ¼ 1

uAMWA
fn � jA;pelletg

XN

i¼1

ui
�HHi

)
uA¼�1

1

MWA
fn � jA;pelletgð��HReactionÞ

ð60Þ
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The diffusional molar flux of reactant A in the direction of n is expressed in
terms of a molar density gradient within the pellet and an effective intrapellet
diffusivity, DA,effective, via equation 66, (ie, thermal diffusion is considered later
in this article). Hence,

1

MWA
fn � jA;pelletg ¼ �DA;effective

@CA;pellet

@n
ð61Þ

where n is a spatial coordinate that increases in the direction of n, and the tem-
perature dependence of DA,effective is governed by pore size. Intrapellet conductive
and diffusional fluxes in equation 60 are evaluated in the normal coordinate
direction, relative to the external surface of the catalyst. The desired relation
between temperature and reactant molar density is applicable to multi-dimen-
sional transport in porous catalysts of any geometry, but the stoichiometric con-
dition among diffusional mass fluxes given by equation 4 limits this analysis to
one chemical reaction (2). As illustrated by equation 62, which is applicable
everywhere throughout an isolated pellet, spatial coordinate n does not appear
in the final result

n � fkeffective rTpelletg ¼ keffective
@Tpellet

@n
¼ �ð��HReactionÞDA;effective

@CA;pellet

@n
@Tpellet

@CA;pellet
¼ �ð��HReactionÞDA;effective

keffective

ð62Þ

Dimensional Analysis of Intrapellet Temperature. For isolated pellets,
dimensionless variables (ie, Y and CA,pellet) are introduced using the character-
istic temperature TSurface and reactant molar density CA,Surface on the external
surface of the catalyst. Hence,

Y ¼ Tpellet

TSurface
;CA;pellet ¼

CA;pellet

CA;Surface
ð63Þ

The thermal energy generation parameter b, also known as the Prater num-
ber (2,6,15–17), strongly influences temperature profiles within the catalyst. If
one accounts for the temperature dependence of effective intrapellet diffusivities
and the enthalpy change for chemical reaction (ie, see eq. 15), then dimensional
analysis of equation 62 yields

@Y
@CA;pellet

¼ �DA;effectiveðTSurfaceÞCA;Surfacef��HReactionðTSurfaceÞg
TSurfacekeffective

DA;effectiveðTpelletÞ
DA;effectiveðTSurfaceÞ

� �
�HReactionðTpelletÞ
�HReactionðTSurfaceÞ

� �

¼ �beð�Þzð�Þ

b ¼ DA;effectiveðTSurfaceÞCA;Surfacef��HReactionðTSurfaceÞg
TSurfacekeffective

¼ Prater #

ð64Þ
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The Prater number b, which is positive for exothermic reactions (6,15–17),
should be calculated using conditions on the external catalytic surface (2). e(Y)
represents a ratio of effective intrapellet diffusivities at temperature Tpellet rela-
tive to temperature on the external surface of the catalyst, and z(Y) is the ratio
of the enthalpy change for chemical reaction at intrapellet temperature Tpellet

relative to DHReaction at the external catalytic surface temperature. The product
of the Prater number and the intrapellet Damköhler number (ie, bL2

A,intrapellet,
where the intrapellet Damköhler number is defined by equation 76) essentially
represents a ratio of the rate of thermal energy generation due to chemical
reaction relative to the rate of thermal conduction (ie, via Fourier’s law) within
the catalyst. In the diffusion-limited regime at large values of the intrapellet
Damköhler number (18), the central core of the catalyst is reactant-starved
(ie, CA,pellet ) 0 as the dimensionless spatial coordinate Z ) 0) and significant
temperature increases occur within the catalyst when the reaction is exothermic.
Under these conditions, the Prater equation (2,6,15–17) provides a zeroth-order
prediction for the maximum dimensionless temperature, Ymax & 1þ b, near the
center of the catalyst when the temperature dependence of (1) effective intrapel-
let diffusivities and (2) the enthalpy change for chemical reaction are neglected
[ie, e(Y) & 1, z(Y) & 1]. When simple temperature dependence of intrapellet dif-
fusion coefficients is considered [ie, e(Y) & Ym, with m¼ 0.5 for nanopores and
m¼ 1.5 for macropores; z(Y) & 1], a better prediction for the maximum dimen-
sionless temperature is obtained via integration of equation 64 for Y vs. CA,pellet,
when CA,pellet) 0 as Z) 0 for diffusion-controlled operation (2). Hence,

@Y
@CA;pellet

¼ �beðYÞ� � bYm

Y1�m
max � 1þ ð1� mÞbf1�CA;pelletðZ ¼ 0Þg) 1þ ð1� mÞb

ð65Þ

Now, the upper limit for the thermal energy generation parameter is b < 2
in the macropore regime, because steady-state predictions of Ymax tend toward
infinity when e(Y)&Y1.5, m¼ 3/2, and b¼ 2.

2.14. Effect of the Diffusion Collision Integral on Maximum Intra-
pellet Temperature in Macroporous Catalysts. The kinetic theory of
dilute gases (19–21) describes the complete temperature dependence of ordinary
molecular diffusion coefficients.

DA;ordinary �
T3=2

p�2�DðTÞ

DA;effective ¼
e p;intrapellet

tor
DA;ordinary

ð66Þ

The internal structure of the catalytic pores is described by an intrapellet
void volume fraction ep,intrapellet and tortuosity factor tor, where the former repre-
sents an average over pore size and the latter averages the orientation of parallel
pores (2,6). Equation 66 contains the dominant resistance to intrapellet mass
transfer in macroporous catalysts where the average pore size is typically
greater than 1 mm. The collision integral OD, which quantitatively summarizes
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the dynamics of molecular trajectories and binary collisions for dilute gas mix-
tures (19), provides a correction to the hard sphere intermolecular potential
energy because realistic molecules do not collide like hard spheres when the
repulsive part of the potential exhibits some degree of softness. As diffusion is
inherently a ‘‘mixture property,’’ collision cross-sections and collision integrals
for diffusion, which scale as 1�cos w where w is the deflection angle in a collision,
are slightly smaller than those for viscosity and thermal conductivity of pure
materials, which scale as 1�cos2 w, at least as a first-order approximation for
these isotropic transport properties (19–21). Relative to rigid spheres with colli-
sion diameter s for low-energy collisions, Lennard–Jones molecules have a
slightly smaller cross-section for high-energy collisions that are almost head-
on, due to strong repulsive forces. The influence of attractive forces when inter-
molecular separations are greater than their equilibrium values is responsible
for the fact that collision cross-sections for diffusion can be almost 6-fold larger
than the corresponding rigid-sphere cross-sections for low-energy ‘‘grazing’’ colli-
sions (19). Numerical simulations in this article include temperature dependence
of the collision integral OD for diffusion in e(Y), as proposed by Neufeld et al. (22)
for molecules that follow the Lennard–Jones 6-12 potential energy of interaction

�DðT�Þ �AfT�g�B þ C expf�DT�g þ E expf�FT�g þ G expf�HT�g

T� ¼ kBoltzmannTSurfaceY
eLennard�Jones

; A ¼ 1:06036; B ¼ 0:15610; C ¼ 0:19300

D ¼ 0:47635; E ¼ 1:03587; F ¼ 1:52996; G ¼ 1:76474; H ¼ 3:89411

ð67Þ

in addition to the three-halves power of dimensionless temperature for large
pores. There are no distinguishable differences between the previous empirical
equation and tabulated values of the diffusion collision integral from Transport
Phenomena, by Bird et al. (13), for dimensionless temperatures T* between 0.30
and 100. As a consequence of including OD in the ratio of effective intrapellet dif-
fusivities in equation 64, there is an additional dimensionless parameter that
affects the maximum temperature rise in adiabatic pellets with exothermic che-
mical reaction (ie, kBoltzmannTSurface/eLennard–Jones). The maximum depth of the
Lennard–Jones potential energy function, or the maximum energy of attraction
when molecules reside at their equilibrium separation distance [ie, s(2)1/6], is
given by eLennard–Jones/kBoltzmann with dimensions of absolute temperature,
where kBoltzmann is Boltzmann’s constant. Now, one must integrate the following
equation, with z(Y)& 1:

@Y
@CA;pellet

¼ �beðYÞ� � bY1:5 �DðY ¼ 1Þ
�DðYÞ

� �
ð68Þ

numerically from the external surface, where dimensionless temperature Y and
molar density CA,pellet are unity, inward toward the center of the catalyst where
the molar density of reactant A tends toward zero in the diffusion-controlled
regime at large values of the intrapellet Damköhler number. It is necessary to
transform the independent variable from dimensionless molar density CA,pellet

to 1�CA,pellet, so that the new independent variable begins at zero on the
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external surface and achieves a value of 1 at the center of the pellet, as required
by numerical ODE solvers. Unlike isothermal problems with diffusion and che-
mical reaction, equation 68 exhibits no singularity at the center of catalysts with
cylindrical or spherical symmetry (2). As a consequence of this change in inde-
pendent variable from CA,pellet to 1�CA,pellet, it is necessary to remove the nega-
tive sign in equation 68. A second-order predictor-corrector algorithm was
implemented with automatic step-size adjustment that is useful for integrating
stiff differential equations. As a general rule, the effect of the collision integral
for diffusion and its temperature dependence on the maximum temperature near
the center of the catalyst is insignificant for thermal energy generation para-
meters (ie, Prater numbers) b < 0.5. Under mild intrapellet conditions (ie, b <
0.5), Ymax& {1 � b/2}�2 provides reasonably accurate estimates of the tempera-
ture increase due to exothermic chemical reaction in macroporous catalysts (2).
This claim is based on comparisons of Ymax, with and without the ratio of colli-
sion integrals in equation 68 at various Prater numbers. Froment and Bischoff
(6) calculate typical Prater numbers for ten exothermic catalytic reactions, and
only the dissociation of N2O is characterized by b > 0.5 (actually b¼ 0.64). For
example, macroporous alumina catalysts with effective thermal conductivities
of 1.6 � 10�3 J/cm-s-K, surface temperatures near 350K, and reactant molar
densities estimated via the ideal gas law at TSurface and ambient pressure require
enthalpy changes for chemical reaction on the order of 120 kJ/mol (ie, &29 kcal/
mol) to achieve a Prater number of unity (2). Hence, intrapellet temperatures are
not predicted to increase significantly in many cases because large effective ther-
mal conductivities (ie, keffective) of metallic or metal-coated ceramic porous cata-
lysts produce efficient intrapellet heat transfer. This is one primary reason why
typical Prater numbers do not exceed unity. However, the strongly exothermic
hydrogenation of benzene to cyclohexane over a supported-nickel catalyst
(1,23) is described by Prater numbers that approach 0.95 (ie, DHReaction & 50
kcal/mol). When temperature dependence of the collision integral OD for diffu-
sion is considered, numerical simulations reveal that it is difficult to predict
steady-state temperature profiles in macroporous catalysts with exothermic che-
mical reaction when the thermal energy generation parameter b achieves values
between 1.25 and 1.35. This upper limit of b for realistic predictions depends
on the ratio of the catalytic surface temperature TSurface to the Lennard–Jones
characteristic temperature (ie, TLennard–Jones), where the latter is defined by the
ratio of the maximum potential well depth eLennard–Jones to Boltzmann’s constant
kBoltzmann. The upper limit of b is larger (ie, b ) 1.35) for reasonable predictions
of Ymax when TSurface/TLennard–Jones increases. Obviously, Ymax increases when b
is larger and TSurface/TLennard–Jones remains constant. However, Ymax decreases
when TSurface/TLennard–Jones is larger at a constant Prater number. These trends
are illustrated in Figure 4 for intrapellet diffusion of carbon monoxide
(ie,TLennard–Jones¼ 110K) (19) when the external catalytic surface temperature,
TSurface, is either 300K, 400K, or 900K.

2.15. Effect of Temperature-Dependent Enthalpy Changes for
Exothermic Chemical Reaction on the Maximum Temperature in Macro-
porous Catalysts. Production of Methanol from a Moderately High-Pressure
Stoichiometric Feed of Carbon Monoxide and Hydrogen. This specific example
illustrates how the maximum intrapellet temperature for exothermic reactions is

Vol. 25 TRANSPORT PHENOMENA FOR CHEMICAL REACTOR 303



affected by including temperature dependence in DHReaction via equation 15, such
that z(Y) 6¼ 1 in equations 64 and 68. The synthesis of methanol from C:O and H2

in gas-phase packed catalytic tubular reactors is industrially important. Conse-
quently, a large amount of experimental data is available to characterize this reac-
tion over a wide range of operating pressures (24–28). As there are no H–H bonds
in the final product, a 5-site chemical reaction between adsorbed species on zinc
chromite catalysts (ie, ZnO/Cr2O3) (2,24,25) is considered to be the rate-limiting
step for COþ 2H2,CH3OH, with nonpreferential dissociative adsorption of
atomic hydrogen (ie, H) on adjacent active sites. The synthesis of methanol over
Cu-based catalysts (26) seems to occur exclusively by CO2 hydrogenation at
lower operating pressures. Equations 64, 66, 67, and 68 with z(Y) 6¼ 1 provide
the starting point for analysis of coupled heat and mass transfer in macroporous
catalysts with temperature-dependent physicochemical properties, like DA,effecti-

ve(Tpellet) contained in e(Y) and DHReaction(Tpellet) in z(Y).

@Y
@CA;pellet

¼ �beðYÞzðYÞ
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Fig. 4. Effect of the Prater number and the collision integral for ordinary molecular
diffusion on the maximum dimensionless intrapellet temperature of macroporous cata-
lysts in the diffusion-controlled regime at large values of the intrapellet Damköhler
number. Calculations are presented for carbon monoxide, whose maximum intermole-
cular energy of attraction is described by a Lennard–Jones temperature (or potential
well depth, divided by Boltzmann’s constant) of 110K. The Lennard–Jones temperature
and the temperature on the external catalytic surface represent additional parameters
that appear in the collision integral. For Prater numbers b greater than 1, there are
significant differences between the maximum intrapellet temperature when the colli-
sion integral is included in the analysis, relative to the lowest curve that excludes
the collision integral. Maximum temperature predictions without the collision integral
correspond to Ymax & {1�b/2}�2. Predictions from the original Prater equation yield
Ymax & 1þ b.
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zðYÞ�

�H0
Reaction;298K þ

XN

i¼1

ui

ZT¼YTSurface

298K

Cp;iðT0ÞdT0

�H0
Reaction;298K þ

XN

i¼1

ui

ZTSurface

298K

Cp;iðT0ÞdT0

Cp;iðTÞ�ai þ biT þ ciT
2 þ diT

3

ð69Þ

The standard state enthalpy change at 298K, DH0
Reaction,298K, for the synth-

esis of methanol from carbon monoxide and hydrogen is �21.7 kcal/mol. The
maximum energy of attraction for this Lennard–Jones ternary gas mixture,
eABC/kBoltzmann, is estimated from a geometric average of pure-component poten-
tial well depths (2,13,19) when molecules reside at their equilibrium separation
distances.

eABC
kBoltzmann

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eC�OeH2

eCH3OH
3
p

kBoltzmann
� 123K ð70Þ

Equation 70 is essentially an empirical mixture rule that allows one to esti-
mate force constants between dissimilar molecules via force constants for pure
gases (19). Hence, the Lennard–Jones characteristic temperature for mixtures
of C:O, H2 and CH3OH is approximately 123K in equation 67 for the diffusion
collision integral. Following the numerical procedures described in the previous
section, integration of equation 69 from the external catalytic surface to the cen-
tral core yields predictions of maximum dimensionless temperature that depend
on the Prater number, as illustrated in Figure 5. It is assumed that the tempera-
ture polynomials (29) for pure-component specific heats Cp,i(T) are valid at rea-
sonably high temperatures near the center of the pellet.

2.16. Consideration of Thermal Diffusion in Pseudo-Binary Mixtures.
The preceding analysis of coupled heat and mass transfer in macroporous cata-
lysts with exothermic chemical reaction in the diffusion-controlled regime sug-
gests that predictions of maximum intrapellet temperatures could be
significantly larger than those calculated from the Prater equation (ie, Ymax

&1þ b) when the Prater number, defined by equation 64, is greater than 0.30.
Furthermore, steady-state analysis of the methanol synthesis from carbon mon-
oxide and hydrogen is not a reasonable assumption when the Prater number
approaches unity because maximum intrapellet temperatures could be more
than an order of magnitude greater than TSurface. The extreme upper limit of
the Prater number for realistic steady-state intrapellet simulations decreases
from 2.0 to 1.25–1.35 to < 1.0, respectively, as the temperature dependencies
of ordinary molecular diffusion coefficients for hard spheres (ie, T3/2), the colli-
sion integral OD(T), and the enthalpy change for chemical reaction DH0

Reaction(T)
are systematically included in the analysis. Further modifications in the predic-
tion of maximum intrapellet temperature for exothermic reactions in macropor-
ous catalysts include contributions from thermal diffusion (2,13,19) to the
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diffusional mass flux vector (ie, eq. 61) when steep temperature gradients exist
within the catalyst.

1

MWA
jA;pellet � � DA;effective rCA;pellet þ

r
MWA

½kT�ArlnTpellet

� �
ð71Þ

Thermal diffusion has been neglected entirely in the classic treatise of dif-
fusion and reaction in permeable catalysts by Aris (1). In equation 71, [kT]A is the
thermal diffusion ratio for species A, which characterizes the relative importance
of thermal diffusion with respect to ordinary molecular diffusion. Both mechan-
isms in the flux expression of equation 71 are scaled down by intrapellet porosity
and tortuosity factors for anisotropic porous catalysts, as illustrated in equation
66 for concentration diffusion. This is a reasonable extension of the parallel-pore
model in the presence of thermal diffusion. In binary mixtures of rigid spheres,
where the molar masses of both components are very similar, the thermal diffu-
sion ratio for species A is given by (19)

f½kT�AgRigid Sphere ¼
105

118

MWA � MWB

MWA þ MWB

� �
yAyB ð72Þ
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Effect of Prater Number, Collision Integral, and ∆HReaction on Maximum Temperature
Methanol Synthesis from Carbon Monoxide and Hydrogen 

Fig. 5. Effect of the Prater number, the collision integral for ordinary molecular diffu-
sion, and temperature dependence of DHReaction on the maximum intrapellet temperature
of macroporous catalysts in the diffusion-controlled regime. Calculations are presented
for; CO þ 2H2,CH3OH. The Lennard–Jones temperature (or potential well depth, di-
vided by Boltzmann’s constant) of 123K represents a geometric average of ei/kBoltzmann

for all three components in the gas mixture (see equation 70). Simulations are presented
when temperature on the external catalytic surface is 400K. Inclusion of the collision in-
tegral and temperature dependence of in the analysis of coupled heat and mass transfer
reveals that steady-state simulations in macroporous catalysts might not be possible when
the Prater number approaches unity for the synthesis of methanol.
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where yi is the mole fraction of component i. The thermal diffusion ratio jA(T*)
for Lennard–Jones molecules, relative to the corresponding ratio for rigid
spheres, given by equation 72, is defined as

jAðT�Þ ¼
kTðT�Þ½ �A

� �
Lennard--Jones

½kT�A
� �

Rigid Sphere

ð73Þ

Figure 6 illustrates the universality of jA(T*) vs. T*¼T/TLennard–Jones for
binary isotopic mixtures whose intermolecular forces can be described by the
Lennard–Jones 6–12 potential. Inversion temperatures exist when jA(T*)¼ 0
for T* & 0.40 and T* & 0.95. As temperature increases through these inversion
points, the direction in which species A diffuses in response to temperature gra-
dients changes. For example, if molecule A is the larger species in binary isotopic
mixtures (ie, MWA > MWB), then its rigid-sphere thermal diffusion ratio is
greater than zero, via equation 72, and A diffuses toward lower temperature
when T* < 0.40 and T* > 0.95. If MWA < MWB, then the rigid-sphere thermal
diffusion ratio for species A is negative and molecules of type A diffuse toward
lower temperature when T* is between 0.40 and 0.95. This is a crude approxima-
tion to the rigorous thermal diffusion ratio of carbon monoxide in ternary gas
mixtures with hydrogen and methanol. Equation (8.2–50) in Molecular Theory
of Gases and Liquids (19) for binary mixtures is expanded in powers of
(MWA�MWB)/(MWAþMWB) and truncated after the linear term when the
molar masses of both components are similar.

The universal model illustrated in Figure 6 for Lennard–Jones molecules is
valid (30) when (MWA�MWB)/(MWAþMWB) < 0.15. The analog of equation 62 in
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Fig. 6. Universal temperature dependence of the dimensionless thermal diffusion ratio
for Lennard–Jones gases, relative to the corresponding ratio for rigid spheres (eq. 72), in
binary isotopic mixtures. The dimensionless function j(T*), defined by equation 73, is
plotted vs. dimensionless temperature for Lennard–Jones molecules (eq. 67) as required
for the appropriate collision integrals. These data were obtained from pp. 528, 543, 1126–
1129, and 1131 in Molecular Theory of Gases & Liquids (19).
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the presence of thermal diffusion is a considerably modified Prater equation that,
upon numerical integration, yields more sophisticated predictions of maximum
intrapellet temperatures relative to the results presented in Figures 4 and 5.
Stoichiometry among intrapellet diffusional fluxes, as described by equation 4
for only one chemical reaction, remains valid when thermal diffusion is opera-
tive. Hence, the appropriate dimensional equation that describes intrapellet tem-
perature changes is obtained by substituting equation 71 into equation 60. Upon
rearrangement, one obtains

@Tpellet

@CA;pellet
¼ �DA;effectiveðTpelletÞf��HReactionðTpelletÞg

keffective 1þ r
MWATpellet

DA;effectiveðTpelletÞf��HReactionðTpelletÞg
½kTðT�Þ�A
keffective

� �
ð74Þ

Dimensional analysis of equation 74 proceeds via the same methodology illu-
strated in equation 64. Hence, with assistance from the universal temperature-
dependent thermal diffusion ratio jA(T*) for binary isotopic mixtures, illustrated
in Figure 6, one predicts maximum intrapellet temperatures via numerical inte-
gration of equation 75 from the external catalytic surface to the central core

@Y
@CA;pellet

¼ �beðYÞzðYÞ

1þ r
MWACA;Surface

� �
1
�
beðYÞzðYÞjAðT�Þf½kT�AgRigid Sphere

ð75Þ

Simulations are presented in Figure 7, for MWA < MWB, and Figure 8,
for a wide range of MWB, to investigate the effect of thermal diffusion inversion
in pseudo-binary isotopic mixtures on the maximum temperature within macro-
porous catalysts in the diffusion-controlled regime. When carbon monoxide is
the smaller of the two components in pseudo-binary isotopic mixtures, C:O
migrates toward higher temperature regions in the central core of porous catalysts
with exothermic chemical reaction for dimensionless temperatures T* > 0.95 (ie,
see eqs. 67 and 72; and Figure 6). These conditions are simulated in Figure 7,
revealing that the enhanced molar flux of C:O toward the central core via thermal
diffusion, together with temperature dependence for all physicochemical para-
meters in equation 75, yields the largest prediction of maximum intrapellet tem-
peratures. Relative to simulations that only account for temperature dependence
of effective intrapellet diffusivities and DHReaction, consideration of thermal diffu-
sion (ie, MWA < MWB) on maximum intrapellet temperatures in Figure 7 is insig-
nificant unless the Prater number is very close to unity.

In contrast, when C:O is the larger of the two components in pseudo-binary
mixtures, it migrates toward lower temperatures near the external catalytic sur-
face for T* > 0.95, impeding the net diffusional flux of C:O toward the central
core. Simulations in Figure 8 for exothermic chemical reaction and Prater numbers
greater than 0.75 indicate that maximum intrapellet temperatures in the presence
of thermal diffusion with MWA > MWB are less than those predicted by equation 69
when thermal diffusion is neglected (ie, MWA¼MWB¼ 28 daltons in Figure 8), but
all other physicochemical parameters exhibit temperature dependence.
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Fig. 7. Effect of the Prater number, thermal diffusion, the collision integral for ordinary
molecular diffusion, and temperature dependence of DHReaction on the maximum dimen-
sionless intrapellet temperature within macroporous catalysts in the diffusion-controlled
regime. Calculations are presented for; COþ 2H2 ,CH3OH. The Lennard–Jones tem-
perature (or potential well depth, divided by Boltzmann’s constant) of 123K represents
a geometric average of ei/kBoltzmann for all three components in the gas mixture (see eq.
70). Simulations are presented when temperature on the external catalytic surface is
400K, and the molecular weight of component A (i.e., MWCO ¼ 28 daltons) is less than
that of ‘‘component B’’ (i.e., MWB¼ 32 daltons) in pseudo-binary mixtures.
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Fig. 8. Effect of the Prater number, thermal diffusion, the collision integral for ordinary mo-
lecular diffusion, and temperature dependence of DHReaction on the maximum dimensionless
intrapellet temperature within macroporous catalysts in the diffusion-controlled regime. Cal-
culations are presented for; COþ 2H2 , CH3OH. The Lennard–Jones temperature (or poten-
tial well depth, divided by Boltzmann’s constant) of 123K represents a geometric average of
ei/kBoltzmann for all three components in the gas mixture (see eq. 70). Simulations are presented
when temperature on the external catalytic surface is 400K, and the molecular weight of com-
ponent A (ie, C:O) is 28 daltons. The effect of the molecular weight of ‘‘component B’’ in
pseudo-binary mixtures is indicated in the legend. Thermal diffusion does not affect these si-
mulations when the molecular weights of both components are the same (see eq. 72).
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3. The Complete Strategy for Ideal Nonisothermal Packed Catalytic
Tubular Reactors

When porous pellets are packed in tubular reactors and the external resistances
to both heat and mass transfer cannot be neglected, it is necessary to predict
temperature TSurface and reactant molar density CA,Surface on the external cata-
lytic surface. The appropriate initial guesses are based on bulk conditions at the
reactor inlet. With assistance from effectiveness factor correlations, the rate of
reactant consumption is averaged volumetrically throughout the catalyst by
evaluating heterogeneous rate laws using conditions on the external catalytic
surface. Hence, the appropriate sequence of calculations is (1) predict CA,Surface

and TSurface via coupled heat and mass transfer principles discussed earlier in
this article (ie, eqs. 8, 18, 22, and 58), (2) calculate the intrapellet Damköhler
number for reactant A on the external catalytic surface, (3) estimate the
effectiveness factor via dimensionless correlations that consider catalyst geome-
try and the kinetic rate law, (4) predict a volumetric average of the rate of reac-
tant consumption throughout the catalyst, and (5) solve coupled plug-flow
differential mass and thermal energy balances to estimate changes in tempera-
ture and reactant molar density within the bulk gas phase. The mathematical
description of this strategy is summarized below:

(1) Use bulk conditions at the reactor inlet, CA,BulkGas(z¼ 0) and TBulkGas(z¼ 0),
to estimate the intrapellet Damköhler number L2

A,intrapellet and the
corresponding effectiveness factor E via dimensionless correlations
that account for catalyst geometry and the appropriate kinetic rate
law (ie, nth-order kinetics). The characteristic length L in the defini-
tion of the intrapellet Damköhler number is the radius of spherical
catalytic pellets for the analytical correlation given by equation 58 for
first-order irreversible chemical kinetics. If the kinetics are not zeroth-
or first-order, then numerical methods are required to calculate the
effectiveness factor (2).

(2) As Ci,BulkGas at the reactor inlet is known via the nature of the feed
stream, one should obtain an iterative solution to the following set of
coupled nonlinear algebraic equations to predict CA,Surface, Ci,Surface, and
TSurface near the reactor inlet:

kA;MTCðCA;BulkGas � CA;SurfaceÞSexternal ¼ ESmrapparentkn;SurfaceC
n
A;SurfaceVcatalyst

1

ui
ki;MTCðCi;Surface � Ci;BulkGasÞ ¼ kA;MTCðCA;BulkGas � CA;SurfaceÞ

hHTCfTSurface � TBulkGasg ¼ ð��HReactionÞkA;MTCfCA;BulkGas � CA;Surfaceg

�2
A;intrapellet ¼

Smrapparentkn;SurfaceðTSurfaceÞR2
sphereC

n�1
A;Surface

DA;effectiveðTSurfaceÞ

E ¼ f ð�2
A;intrapellet;n;CatalystGeometryÞ

ð76Þ
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All of these expressions have been discussed earlier in this article. For
example, see equations 8, 18, 22, and 58. Each iteration requires a
recalculation of the intrapellet Damköhler number and the effectiveness
factor (ie, analytical or numerical) at the prevailing values of CA,Surface

and TSurface. Gas-phase mass transfer coefficients for species A (ie,
kA,MTC) and species i (ie, ki,MTC) in the first three equations of 76 should
be evaluated via equation (22.3-43) or (22.3-44) in Transport Phenomena,
by Bird et al. (13). For creeping flow around solid spheres, the Sherwood
number for mass transfer scales as the one-third power of the particle-
based mass transfer Peclet number (2,13) (ie, Peparticle), which incorpo-
rates the equivalent diameter of a single catalytic pellet, the average inter-
stitial fluid velocity through the packed bed, and ordinary molecular
diffusion coefficients that are evaluated at an average temperature
between the bulk gas phase and the external catalytic surface. The corre-
sponding heat transfer coefficient (ie, hHTC) in the third equation of 76
should be evaluated using equation (14.5–2) or (14.5–6) in Transport Phe-
nomena (13). All of these heat and mass transfer correlations are consis-
tent with two-dimensional creeping flow of incompressible fluids adjacent
to high-shear, no-slip interfaces.

(3) When convergence is obtained to equations 76 for CA,Surface, Ci,Surface, and
TSurface near the reactor inlet, it is possible to (1) use the current value of
the effectiveness factor, (2) predict the volumetric rate of consumption of
reactant A throughout the pellets via effectiveness factor formalism, and
(3) employ numerical methods like the Runge–Kutta–Gill fourth-order-
correct integration algorithm to solve coupled dimensional mass and ther-
mal energy balances for ideal gas-phase plug-flow tubular reactors that
include the effectiveness factor in the kinetic rate law. The first term on
the right side of the one-dimensional thermal energy balance (ie, second
equation in 77), which reduces the bulk gas temperature, represents
heat transfer to the surroundings because the reactor is not insulated.
The second term on the right side of the thermal energy balance repre-
sents heat generation due to exothermic chemical reaction. The primary
objective is to predict CA,BulkGas, Ci,BulkGas, and TBulkGas at a small dis-
tance z downstream from their values at the reactor inlet.

q
dCA;BulkGas

dVReactor
¼ �ð1� e p;interpelletÞESmrapparentkn;SurfaceC

n
A;Surface

qrBulkGasCp;mixture
dTBulkGas

dVReactor
¼ �

dQoutput

dVReactor

� �
@wall

ð77Þ

þ ð��HRxÞð1� e p;interpelletÞESmrapparentkn;SurfaceC
n
A;Surface

Ci;BulkGas ¼ Ci;BulkGas;Inlet þ �ifCA;BulkGas;Inlet � CA;BulkGasg

(4) Use values for CA,Surface, Ci,Surface, and TSurface that were obtained from
convergence of equations 76 in step 2, which includes the most up-
to-date values of the intrapellet Damköhler number and the effectiveness
factor; update bulk gas molar densities and temperature from the solution
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of equations 77 in step 3; and obtain another iterative solution to equa-
tions 76 in step 2. The primary objective is to predict CA,Surface, Ci,Surface,
and TSurface slightly downstream from their previous values.

(5) Repeat step 3 and step 4 to predict molar densities and temperatures in
the bulk gas phase and on the external surface of the catalyst from inlet
to outlet of the packed catalytic tubular reactor.

There is some discrepancy in the chemical engineering textbook literature about
the use of superficial (ie, hvzisuperficial) (2,4,6,15,31) vs. interstitial (ie, hvziinterstitial)
(2,5,32) average fluid velocity to describe convective transport in the plug-
flow mass and thermal energy balances (ie, eqs. 77) for packed catalytic tubular
reactors.

3.1. Numerical Analysis of Pseudo-First-Order Irreversible Chemi-
cal Kinetics in Ideal Packed Catalytic Tubular Reactors When the
External Resistances to Heat and Mass Transfer Cannot be Neglected.
Production of Methanol from a Moderately High-Pressure Stoichiometric
Feed of Carbon Monoxide and Hydrogen. This realistic example implements
the complete strategy outlined in the previous section to simulate ideal reactor
performance at high mass and heat transfer Peclet numbers, when reactants are
consumed by approximate first-order irreversible kinetics on the internal surface
of porous spherical pellets. The catalyst is distributed uniformly in a fixed-bed
arrangement. The synthesis of methanol from C:O and H2 in gas-phase packed
catalytic tubular reactors is industrially important. Consequently, a large
amount of experimental data is available to characterize this reaction over a
wide range of operating pressures (24–28). For simplicity, the effectiveness fac-
tor is calculated analytically via the classic isothermal expression in spherical
coordinates, given by equation 58. The cgs system of units is employed in the fol-
lowing analysis.

Design Parameters for Ideal Tubular Reactor Performance When Exter-
nal Resistances to Heat and Mass Transfer are Considered. Most of the
parametric values, summarized below, are self-explanatory. The interaction
energy that governs molecular trajectories and binary collisions is assumed to
follow the Lennard–Jones 6-12 potential function. The collision diameter s
and the depth of the potential well (discussed earlier in this article) are required
to calculate collision integrals for viscosity and ordinary molecular diffusion (13),
as well as the important dimensionless numbers (ie, Reynolds, Schmidt, Prandtl,
and Damköhler) that are necessary to estimate interphase heat and mass
transfer coefficients, and the effectiveness factor. An integral formulation of lin-
ear least-squares regression for continuous objective functions is employed to
quantify reversible heterogeneous catalytic reactions using first-order irrever-
sible rate laws [ie, k1,Pseudo-VolumetricCA,inlet(xequilibrium � x)], where xequilibrium is
the equilibrium conversion of carbon monoxide (C:O) that depends on the
local external catalytic surface temperature TSurface and pressure at each axial
position in the tubular reactor (2). As there are no H–H bonds in the final
product, the 5-site chemical reaction between adsorbed species on zinc chromite
catalysts (ie, ZnO/Cr2O3) (2,24,25) is considered to be the rate-limiting step
for COþ 2H2,CH3OH, with nonpreferential dissociative adsorption of atomic
hydrogen (ie, H) on adjacent active sites. The synthesis of methanol over
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Cu-based catalysts (26) seems to occur exclusively by CO2 hydrogenation at
lower operating pressures. Under nonideal conditions, kinetic rate laws should
be constructed using fugacities instead of molar densities or partial pressure
(2,27).

Length of the packed catalytic tubular reactor¼ 325 cm.

Radius of the packed catalytic tubular reactor¼ 7 cm.

Radius of each porous catalytic pellet (spherical)¼ 0.7 cm.

Average catalytic pore radius¼ 10 nm.

Approximate Lennard–Jones collision diameter s for CO in ternary gas mix-
tures &3.5 Å.

Approximate (ie, geometric average) Lennard–Jones potential well depth (2,19)
for ternary gas mixtures of C:O, H2, and CH3OH; eABC=kBoltzmann �
feCOeH2

eCH3OHg1=3=kBoltzmann � 123K, via equation 70.

Tortuosity factor for individual porous catalytic pellets¼ 2.

Intrapellet porosity or void volume fraction for each catalytic pellet¼ 0.60.

Interpellet porosity or void volume fraction of the entire packed bed¼ 0.35.

Volumetric flowrate of bulk gas through the packed bed¼ 100 cm3/s (ie,
6 L/min).

Average residence time¼ 175 s.

Ambient temperature¼ 298K.

Inlet bulk gas temperature¼ 498K (nonisothermal) or 528K (isothermal).

Inlet total pressure¼ 50 atmospheres.

Standard state entropy change for COþ 2H2,CH3OH; DS0
Rx,298K &�53 cal/

mol-K.

Standard state enthalpy change (exothermic chemical reaction); DH0
Rx,298

&�21.7 kcal/mol.

Arrhenius activation energy (33) for the forward reaction¼ 22.7 kcal/mol.

Pre-exponential factor for pseudo-first-order Arrhenius kinetic rate constant
&3 � 106 s�1.

Overall heat transfer coefficient (to the surroundings)¼ 6 � 10�4 cal/cm2-s-K.

Stoichiometric feed (ie, 1:2) of C:O and H2 at the reactor inlet.

Axial step size for numerical integration¼DzPFR¼ 10�4; 0� zPFR¼ z/LPFR � 1.

Comparison of Analytical and Numerical Solutions for Ideal Isothermal
Tubular Reactors. Numerical simulations were compared with the analytical
solution (ie, eq. 46) when the kinetics are first-order and irreversible, and heat
effects due to chemical reaction are negligible. Hence, isothermal operation
was simulated at 528K, with external mass transfer resistance included in the
analysis, but no temperature gradients anywhere throughout the system. Analy-
tical and numerical solutions for the predicted bulk-gas conversion of carbon
monoxide are essentially indistinguishable, but the gas-phase molar density of
C:O near the external catalytic surface is slightly less than its corresponding
bulk gas-phase molar density, as expected for reactants.
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Nonisothermal Tubular Reactor Performance. The influence of external
resistances to heat and mass transfer was analyzed in ideal plug-flow reactors
without interpellet axial dispersion in the species mass balance or axial conduc-
tion in the thermal energy balance. The difference between bulk gas and surface
temperatures is proportional to the external heat transfer resistance. Analo-
gously, the difference between species molar density near the external catalytic
surface and in the bulk gas phase scales linearly with the external resistance to
mass transfer. Using the parameters defined earlier in this section, temperature
profiles in the bulk gas stream and near the external surface of the catalytic pel-
lets are illustrated in Figure 9.

The corresponding reactant (ie, C:O) molar densities are presented in
Figure 10. C:O conversion x is defined by one minus dimensionless molar density
in the bulk gas phase (ie, x¼ 1 � CA,BulkGas). Simulations reveal that the maxi-
mum difference between external catalytic surface temperature and bulk gas
temperature [ie, (TSurface � TBulkGas)max &40K] occurs at approximately 8% of
the reactor length downstream from the inlet, whereas this temperature differ-
ence (ie, TSurface � TBulkGas) is less than 10K much further downstream. As
expected for exothermic reactions, temperatures within the porous pellets and
near the external catalytic surface should be higher than those in the bulk gas
stream. The interplay between the rate of thermal energy generation due to
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Fig. 9. Temperature profiles in the bulk gas phase (ie, dashed line; TBulkGas) and near
the external surface of porous catalytic pellets (ie, solid line; TSurface) for the production
of methanol from carbon monoxide and hydrogen in ideal tubular reactors that are not
insulated from the surroundings. The &80K increase in reactor temperature relative to
TBulkGas,Inlet, 20% of the reactor length downstream from the inlet, is attributed to
exothermic chemical reaction. All simulation parameters are defined in the text. The hor-
izontal coordinate zPFR represents dimensionless axial position in the direction of bulk
flow, measured from the reactor inlet.
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exothermic chemical reaction and the rate of thermal energy removal due to heat
transfer across the lateral surface of the reactor governs the maximum tempera-
ture increase [(TBulkGas � TBulkGas,inlet)max & 80K in Figure 9], the axial position
where maximum temperature occurs, and the overall shapes of the profiles in
Figure 9 and Figure 10.

The bulk gas temperature decreases when the rate of heat removal across
the lateral surface of the reactor is greater than the generation rate due to
exothermic chemical reaction, as described by the second equation in 77. Thermal
runaway occurs when the generation rate significantly outweighs the rate of heat
removal, producing steep increases in reactor temperature and near- equili-
brium reactant conversions that might not be described adequately by steady-
state analyses. Practical strategies to prevent thermal runaway (2) include (1)
lowering the inlet temperature of the reactive fluid, (2) diluting the feed stream
with an inert carrier gas, (3) increasing the surface-to-volume ratio of the reactor
by decreasing its diameter, and (4) increasing the flowrate and lowering the inlet
temperature of a cooling fluid that flows either cocurrently or countercurrently
with respect to the reactive fluid. One might predict that an increase in bulk
gas flowrate of the reactive fluid, which decreases the residence time t, should

Reactant dimensionless molar density in Ideal PFR with
external resistances to heat and mass transfer

dimensionless surface reactant molar density
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Fig. 10. Dimensionless molar density profiles for carbon monoxide in the bulk gas phase
(ie, dashed line; CA,BulkGas) and near the external surface of porous catalytic pellets (ie,
solid line; CA,Surface) for the gas-phase production of methanol from a stoichiometric
feed of C:O and H2 in ideal tubular reactors that are not insulated from the surroundings.
Based on simulation parameters defined in the text, the maximum difference between
CA,BulkGas and CA,Surface occurs at approximately 8% of the reactor length downstream
from the inlet [ie, (CA,BulkGas � CA,Surface)max & 0.07 when zPFR & 0.08], and &35% final
conversion of C:O to CH3OH is achieved (ie, CA,BulkGas & 0.65 when zPFR¼ 1). The hor-
izontal coordinate zPFR represents the dimensionless axial position in the direction of bulk
flow, measured from the reactor inlet.
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reduce the overall temperature increase, (TBulkGas � TBulkGas,inlet)max, for exother-
mic reactions and decrease the final conversion of carbon monoxide. However,
decreases in t and subsequent increases in the mass transfer Peclet number
PeMT reduce external heat and mass transfer resistances in the gas-phase
boundary layers surrounding the catalytic pellets. Consequently, the diffusional
flux of reactants toward the external catalytic surface increases, reaction rates
increase because kinetic rate laws are evaluated at higher reactant molar densi-
ties near the external catalytic surface, more thermal energy is generated when
reaction rates increase, and the flux of thermal energy from the pellets to the bulk
gas phase increases. There is a restricted range of residence times and mass
transfer Peclet numbers where all of these sequential effects produce larger
increases in reactor temperature and higher conversion, even though shorter resi-
dence times suggest that there is less opportunity to convert reactants to pro-
ducts. Isothermally, the effect of residence time, or PeMT, on reactant
conversion is illustrated in Figures 1–3 when the external resistance to mass
transfer is important. The study of maximum conversion in nonideal packed
catalytic tubular reactors (2), summarized in Table 3, is based on these results.
Under nonisothermal conditions, both external resistances are significant near
the reactor inlet, and they decrease in magnitude as one approaches the reac-
tor outlet. External transport resistances vanish completely at steady state
when there is no chemical reaction. This claim is supported by analyzing all
of the coupled nonlinear algebraic equations in step 2 of the overall strategy
(ie, see eqs. 76). In other words, CA,BulkGas¼CA,Surface and TBulkGas¼TSurface

when kn,Surface¼ 0. Pellet size, internal pore structure, reactor diameter, and volu-
metric flowrate represent important design parameters that influence the relative
magnitude of external transport resistances, and they should have significant
effects on the temperature and molar density profiles illustrated in Figure 9
and Figure 10.

NOMENCLATURE

CA,inlet molar density of reactant A in the inlet stream to a packed
catalytic reactor

CA,pellet molar density of reactant A within a porous catalytic pellet

Ci molar density of species i

Ci,BulkGas molar density of species i in the bulk gas phase

Ci,BulkGas,Inlet molar density of species i at the inlet to a packed catalytic
tubular reactor

Ci,Surface molar density of gaseous species i near the external surface
of a catalytic pellet

Cp,i specific heat of pure component i, expressed as a polynomial
in T; see equation 69

Cp,mixture mass-fraction-weighted specific heat of the multicomponent
gas mixture

DA,effective effective intrapellet diffusivity of reactant A in porous
catalysts
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DA,interpellet interpellet axial dispersion coefficient for reactant A

DA,ordinary ordinary molecular diffusion coefficient for reactant A

dequivalent equivalent diameter of irregular-shaped pellets¼ 6Vcatalyst/
Sexternal

E effectiveness factor

gi external body force per unit mass acting on species i in a
mixture

Hi partial molar enthalpy of species i in a mixture

hHTC heat transfer coefficient in the gas phase boundary layer

ji,BulkGas diffusional mass flux of species i in the bulk gas phase

ji,pellet diffusional mass flux of species i within a porous catalytic
pellet

kBoltzmann Boltzmann’s constant; 1.38066 � 10�23 Joule/K

k1,Pseudo-Volumetric pseudo-volumetric first-order kinetic rate constant, [¼]
time�1

k1,Surface first-order kinetic rate constant for surface-catalyzed chemi-
cal reaction (ie, reaction velocity constant), length/time

kn,Surface nth-order kinetic rate constant for surface-catalyzed chemi-
cal reaction, (vol/mol)n�1 length/time

ki,MTC mass transfer coefficient for species i in the gas phase
boundary layer

keffective effective intrapellet thermal conductivity of a porous catalyst

[kT]A ratio of the thermal diffusion coefficient to the ordinary
molecular diffusion coefficient in equation 71 for the diffu-
sional mass flux of species A

kTC thermal conductivity of the bulk gas phase surrounding the
catalytic pellets

LPFR length of a packed catalytic tubular reactor

MWi molecular weight of species i

m exponent for the temperature dependence of effective intra-
pellet diffusion coefficients in macropores (ie, m¼ 1.5) and
nanopores (ie, m¼ 0.5)

n outward directed unit normal vector on surface S that sur-
rounds a chosen volume element V

n independent spatial variable measured in the direction of n

n (superscript) reaction order

p gas phase pressure

PeMT vessel-based mass transfer Peclet number that contains
DA,interpellet

Peparticle particle-based mass transfer Peclet number that contains
DA,ordinary

q gas phase volumetric flow rate through the packed catalytic
tubular reactor
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q molecular flux of thermal energy in multicomponent gas
mixtures

Qoutput rate of heat transfer to the surroundings across the lateral
surface of catalytic tubular reactors

Rk pseudo-volumetric kinetic rate law for the kth independent
chemical reaction

R pseudo-volumetric kinetic rate law when only one chemical
reaction occurs

RSurface intrinsic kinetic rate law for heterogeneous surface-
catalyzed chemical reaction

RPFR radius of a heterogeneous packed catalytic tubular reactor

Rsphere radius of porous spherical catalytic pellets

Re Reynolds number based on bulk gas phase properties; the
characteristic length corresponds to the length of the
packed catalytic tubular reactor

(ReSc)critical critical value of the vessel-based mass transfer Peclet
number

S surface element over which integration occurs via Gauss’
law

Sc Schmidt number based on bulk gas phase properties

Sexternal external surface area of one porous catalytic pellet

Sm internal catalytic surface area per unit mass of catalyst

ShAverage,particle particle-based surface-averaged Sherwood number for mass
transfer correlations

t time

T temperature in the thermal energy balance

T* dimensionless temperature in the diffusion collision inte-
gral, equation 67 and on the horizontal axis of Figure 6

TBulkGas temperature in the bulk gas phase external to the catalytic
pellets

TBulkGas,Inlet temperature of the stoichiometric bulk gas mixture of CO
and H2 at the inlet to the packed catalytic tubular reactor

Tpellet temperature within porous catalytic pellets

TSurface temperature near the external surface of the catalytic
pellets

u specific internal energy of the gas phase mixture

v mass-average velocity vector of a multicomponent reactive
mixture

vi velocity vector for species i in a mixture

hvziinterstitial average interstitial velocity through a packed column
(z-component)

hvzisuperficial average superficial velocity through an empty tube
(z-component)

318 TRANSPORT PHENOMENA FOR CHEMICAL REACTOR Vol. 25



V volume element over which integration occurs

Vcatalyst total volume of one porous catalytic pellet

Vpellet total volume of all catalytic pellets in a packed tubular
reactor

VReactor total volume of a heterogeneous packed catalytic tubular
reactor

yi mole fraction of component i

z independent spatial variable in the axial direction for a tub-
ular reactor

Z axial gradient in the molar density of reactant A

Greek Symbols:
a parameter defined by equations 45 and 57

b Prater number, defined in equation 64

g exponent in equation 59 for the scaling law between a and
dequivalent

r gradient operator

DHReaction molar enthalpy change for the chemical reaction at tem-
perature T

DH0
Rx,298 standard state molar enthalpy change for the chemical reac-

tion at 298K

DS0
Rx,298 standard state molar entropy change for the chemical reac-

tion at 298K

e(Y) ratio of effective intrapellet diffusivities for reactant A,
defined in equations 64 and 68

eLennard–Jones maximum energy of attraction for Lennard–Jones mole-
cules, or maximum depth of the potential well when mole-
cules reside at their equilibrium separation distance

ep,interpellet interpellet porosity of the entire packed catalytic tubular
reactor

ep,intrapellet intrapellet porosity, or void volume fraction, of an indivi-
dual catalytic pellet

jcorrelation correlation coefficient for interpellet axial dispersion,
defined by equation 55

L2
A,intrapellet intrapellet Damköhler number of reactant A, defined in equa-

tion 76, and required for the effectiveness factor in equation 58

L2
A,interpellet interpellet Damköhler number of reactant A, based on

DA,interpellet and LPFR, defined by equation 26

uik stoichiometric coefficient of species i in the kth chemical
reaction

ui stoichiometric coefficient of species i when there is only one
reaction

Z dimensionless intrapellet radial coordinate in porous sphe-
rical catalysts; Z¼ r/Rsphere
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jA (T*) thermal diffusion ratio for Lennard–Jones gases relative to
that for hard spheres, illustrated as a function of dimension-
less temperature T* in Figure 6 for binary isotopic mixtures

rapparent apparent density of a porous catalytic pellet, including occu-
pied and void volume

r total mass density of the gas phase mixture

rBulkGas total mass density of the gas phase mixture, external to the
catalytic pellets

Y dimensionless intrapellet temperature in porous catalysts

Ymax maximum dimensionless intrapellet temperature near the
center of porous catalysts

s collision diameter for the Lennard–Jones 6-12 intermolecu-
lar potential

t residence time, or viscous stress tensor (ie, molecular
momentum flux)

CA,BulkGas dimensionless molar density of reactant A in the bulk gas
stream

CA,BulkGas,Ideal dimensionless molar density of reactant A in the bulk gas
stream for simulations that neglect interpellet axial disper-
sion

CA,BulkGas,Real dimensionless molar density of reactant A in the bulk gas
stream for simulations that include interpellet axial dispersion

CA,pellet dimensionless intrapellet molar density of reactant A in
porous catalysts

CA,Surface dimensionless molar density of reactant A near the external
surface of a catalytic pellet

CA,Surface,Ideal dimensionless molar density of reactant A near the external
surface of a catalytic pellet in simulations that neglect inter-
pellet axial dispersion

CA,Surface,Real dimensionless molar density of reactant A near the external
surface of a catalytic pellet in simulations that include
interpellet axial dispersion

O dimensionless chemical reaction coefficient; product of
interpellet Damköhler number, effectiveness factor, and
catalyst filling factor (ie, 1 � ep,interpellet); see equation 29

OD collision integral for diffusion, parameterized by equation 67

z(Y) dimensionless ratio of molar enthalpy changes for chemical
reaction, defined by equations 64 and 69

zPFR dimensionless spatial variable in the primary flow direction
of a packed catalytic tubular reactor (¼ z/LPFR)

xPFR dimensionless transformed axial coordinate (ie, 1�zPFR)
when numerical integration of the plug-flow mass balance
in nonideal reactors is performed backward, from outlet to
inlet
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x instantaneous conversion of reactant A in a packed catalytic
tubular reactor

xequilibrium equilibrium conversion of reactant A that depends on
TSurface and pressure p

xfinal final conversion of reactant A in the exit stream of a cataly-
tic reactor

w deflection angle for binary molecular collisions in dilute gas
mixtures
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